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P(j^^- PREFACE 



The aim of this book is to preseut the essentials of Descriptive 
Geometry in a clear and concise manner. There has been no attempt to 
make it an exhaustive treatise on the subject. 

Since frequent practice in the applications of the fundamental princi- 
ples of the subject has been found to produce the best results, numerous 
original problems are given. Problems involving the application of a 
particular principle are given at the close of the discussion of that prin- 
ciple, while those of a more general character and requiring more time 
tor their solution are given at the end of the chapter. 

By considering tangent lines and tangent planes as the limiting posi- 
tions of secant lines and secant planes respectively, the troublesome 
terms * 'consecutive points" and "consecutive elements'' are avoided 
Tangent planes are discussed in connection with the representation of 
surfaces. It is believed that this aids the student in securing an early 
understanding of the fundamental difference between any two classes 
of surfaces. 

Plane sections, intersections and developments of prisms and pyra- 
mids are discussed in connection with the same operations applied to 
cylinders and cones. 

While the arrangement and treatment of the subject is the outgrowth 
of an extended class-room experience, the preliminary notes were de- 
veloped from year to year by frequent reference to the works of Church, 
Watson, De la Gournerie, Javary, Pillet, "F. J." and others. 

The University of Wisconsin, 
Madison, Wis. 

January, 1909. 
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CHAPTER I 
FIRST PRINCIPLES 

1. Projection. If from a point S (Fig. 1) straight lines are 
drawn through a series of points A, B, C . . . , the points a, b, 
c ... in which these lines pierce the plane T are projections of 
the points A, B, C. . . . 

S is called the point of sight. 

A, B, C . . . are points of a magnitude or object in space. 

Sa, Sb, Sc are projecting lines of the points A, 

B, 

T is the plane of projection. 

The projections a, b, c . . . present the same appearance to 
the eye, situated at the point of sight, as the points A, B, C 
... in space. 

In perspective, Fig. 1, the point of sight is at a finite dis- 
tance from the plane of projection. The projecting lines di- 
verge. 

Fig. 1 Fig. 2 Fig. 3 



S 




^ At 



v7 /-' J V 



Perspective Oblique projection Orthographic projection 

In oblique and orthographic projection, Figs. 2 and 3, the 
point of sight is at an infinite distance from the plane of pro- 
jection. The projecting lines are parallel. 

The projection is oblique when the projecting lines are paral- 
lel to each other and oblique to the plane of projection. 
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The projection is orthographic when the projecting lines are 
perpendicular to the plane of projection. 

ORTHOGRAPHIC PROJECTION 



2. A point in space is not completely determined by its ortho- 



Fig.4 




a, 6, c, projections of 

points Aj By C, on 

plane P 



graphic projection on one plane, for the 
distance of the point from the plane is 
not shown by its projection. All points 
A, B, C, Fig. 4, which lie in a vertical 
straight line, have the same projection on 
a horizontal plane . There are two meth- 
ods of representing definitely a point 
in space. One method is to give its 
projection on a plane and also its dis- 
tance from that plane . The other method 
is to use two different planes of projec- 
tion. The latter is the method commonly used. 

3. Planes of projection. In orthographic projection two 
planes are generally used, Fig. 6, one horizontal and the other 
vertical, called respectively: 

(a) The horizontal plane of projection or H. 

(b) The vertical plane of projection or V. 
Their intersection is called the g^round line or G. L. 

Point of sigrht. The point of sight for the horizontal plane 

is an infinite distance above H 
and for the vertical plane it is an 
infinite distance in front of V. In 
the horizontal view, the ground line 
represents the vertical plane seen 
edgewise, and in the vertical view, 
the ground line represents the hor- 
izontal plane seen edgewise. 

4. The four ang^les. The right 
dihedral angles formed by the in- 
Frincipal planes of projection tersection of the horizontal and 



Fiq. 5 
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POINTS 3 

vertical planes of projection are known as the first, second, 
third and fourth angles, Fig. 5. 

The first ang^Ie is above H and in front of V. 

The second angle is above H and back of V. 

The third angle is below H and back of V. 

The fourth angle is below H and in front of V. 

5. The drawing. In order to represent both the horizontal 
and vertical projection of an object on the same sheet of paper, 
the planes of projection must be brought together. This is 
accomplished by keeping one of the planes fixed and revolving 
the other about the ground line as an axis until the two planes 
coincide. If the horizontal plane is kept fixed, the upper part 
of the vertical plane is revolved backward until it coincides with 
the back part of the horizontal plane. This will be found con- 
venient if the work is done on a drafting board which is in a 
horizontal position. If the vertical plane is kept fixed, the front 
part of the horizontal plane is revolved downward until it coin- 
cides with the lower part of the vertical plane. This will be 
found convenient when working on the blackboard. By either 
method, the first and third angles are opened and the second 
and fourth closed. 

It must be remembered that both the horizontal and vertical 
projections are made while the planes of projection are still at 
right angles, the planes being brought together simply for con- 
venience in making both projections on one sheet of paper. 

POINTS 

6. In Fig. 6, let C be any point in space and H and V the 
planes of projection. The line Cc, through the point and per- 
pendicular to the horizontal plane is the horizontal project- 
ing line of the point and its intersection c, with the horizontal 
plane, is the horizontal projection of the point. Similarly 
the line Cc', through the point and perpendicular to the vertical 
plane, is the vertical projecting line of the point and its inter- 
section c', with the vertical plane, is the vertical projection 
of the point. 
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The two projections ol a point determine its position in 
space, for their projecting lines intersect in the only point which 
can have the given projections. 

Since the vertical projecting line is parallel to the horizontal 
plane, then Cc = c'd. That is, tlie distance of a point in 

Fig. 6 Fig, 7 







! 



Point G in 1st angle 



space from tlie liorizontal plane is equal to the distance of 
its vertical projection from the ground line. Also Cc, the 
horizontal projecting line, is parallel to the vertical plane, mak- 
ing Cc' = cd. That is, the distance of a point in space from 
the vertical plane is equal to the distance of its horizontal 
projection from the ground line. 

Since c'd remains perpendicular to the ground line during the 
revolution of the vertical plane from the vertical to the hori- 
zontal position, then, on the drawing. Fig. 7, c'c is perpendicu- 
lar to the ground line, that is, the two projections of a point 
in space are in the same line perpendicular to the ground 
line. 

Fig, 8 Fig. 9 



t« 




iC 



Point C in 2nd angle 



Point C in 3rd angle 
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7. In Figs. 8, 9, 10 and 11, the planes of projection are shown 
and a point in different positions with reference to these planes. 
At the right of each figure is shown the orthographic projections 
of the point after the planes have been brought together. In 
the solution of problems, the projections are to be shown only 
in their final positions. The sketch to the left of each of these 



Fig. 11 




Point G in J^h angle 



Point E in H back of V 
Point G in V below H 



figures is used only to give a better idea of the position of the 
point with reference to the planes of projection. Students 
should avoid these sketches as much as possible and should en- 
deavor to picture the points in space from the projections after 
the planes are brought into coincidence. 

It does not matter in which angle the object is placed, the 
point of sight for the horizontal view is always above H, and 
for the vertical view it is always in front of V. 

8. Notation* Points in space are designated by capital let- 
ters as A, B, C, etc. 

Horizontal projections of points, small letters as a, b, c, etc. 

Vertical projections of points, small letters with prime marks 
as a', b', c', etc. 

Ground line, full. 

The line joining the projections of a point will be drawn fine, 
full in pencil, and fine, full, red in ink. 

9. Problems. Draw the projections of a point in each of. the 
following positions, and then from its projections, picture the 



Digitized by VjOOQ IC 



6 DESCRIPTIVE GEOMETRY 

point in space. If working at the blackboard, picture from V; 
if on a drafting board, picture from H. 

1. In the first angle. 

2. In the upper part of V. 

3. In the second angle equidistant from H and V. 

4. In the back part of H. 
6. In the third angle. 

6. In the front part of H. 

7. In the fourth angle. 

8. In the ground line. 

LINES 



Fig. IfS 




Projections of a line 



10. In Fig. 12, let AC be any straight line in space. The 
plane ACc, through the line and perpendicular to the horizontal 
plane, is the horizontal projecting 
plane of the line. Its intersection ac 
with the horizontal plane, is the hor- 
izontal projection of the line. Sim- 
ilarly the plane ACc', through the 
line and perpendicular to the vertical 
plane, is the vertical projecting: 
plane of the line. Its intersection 
a c' with the vertical plane is the 
vertical projection of the line. 

The two projections of a straigrht line determine its 
position in space, for their projecting planes intersect in the 
only line which can have the given projections. 

When the two projections of a line are in the same perpen- 
dicular to the ground line, the projecting planes will coincide 
and the line is undetermined. 

If, however, the projections of any two points of a straight 
line are given, the line is always determined. 

At the right of Fig. 12, is the orthographic projection of the 
line after the planes of projection have been brought into coin- 
cidence. 
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1 1 . Projections of straigrht lines in various positions with 
reference to the planes of projection. 

If the line is oblique to the planes of projection, the projec- 
tions of the line will be inclined to the ground line, Fig. 12. 

If a line is parallel to the ground line, its projections will be 
parallel to the ground line. 

If a line is perpendicular to the horizontal plane, its horizon- 
tal projection is a point and its vertical projection is a straight 
line perpendicular to the ground line. 

If a line is perpendicular to the vertical plane, its vertical pro- 
jection is a point and its horizontal projection is a straight line 
perpendicular to the ground line. 

If a line is parallel to the horizontal plane and oblique to the 
vertical plane, its vertical projection will be parallel to the 
ground line and its horizontal projection will be inclined to the 
ground line. 

If a line is parallel to the vertical plane and oblique to the 
horizontal plane, its horizontal projection will be parallel to the ^ 
ground line and its vertical projection will be inclined to the 
ground line. 

12, Point on line. If a point is on a line in space, the hori- 
zontal projection of the point will be on the horizontal projection 
of the line and the vertical projection of the point will be on the 
vertical projection of the line, Fig. 13. 

Intersecting^ lines. If two lines intersect at a point in space, 



Fig. IS 



Fig. U 



Fig, 15 



Fig, 16 




Point B on line Lines Intersecting Lines not Parallel lines 

AC at D Intersecting 
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the horizontal projections of the lines will intersect in the hori- 
zontal projections of the point and the vertical projections of the 
lines will intersect in the vertical projection of the point, Fig. 14. 
The projections of the common point D must lie in the same 
perpendicular to the ground line. 

If two lines do not intersect in space, their projections will not 
intersect in the same perpendicular to the ground line, Fig. 15. 

Parallel lines. If two lines are parallel in space, their pro- 
jections on the same plane are parallel, Fig. 16. 

13. Notation. Lines in space are designated by capital let- 
lers, as AB, CD, MN, etc. 

Horizontal projections of lines, small letters as ab, cd, mn, etc. 
Vertical projections of lines, small letters with prime marks, as 
a'b', c'd', m'n^ etc. 

The planes of projection will be considered transparent, 

14. Problems. Draw the projections of a line in each of the 
following positions and then from its projections, picture the 
line in space. On the blackboard, picture from V; on the draft- 
ing board, picture from H. 

1. In the first angle, parallel to H and V. 

2. In the second angle, parallel to V and oblique to H. 

3. In the back part of H and inclined to V. 

4. In the third angle perpendicular to H. 

5. In the third angle, oblique to H and V. Draw the projec- 
tions of a point on this line. 

6. In the first angle, oblique to H and V, and in a plane per- 
pendicular to G. L. 

7. In a plane bisecting the fourth angle. 

8. Two intersecting lines in the third angle. 

9. Two parallel lines, one in the first and the other in the 
second angle. 

PLANES 

15. In space, a plane is fixed by three points not in the same 
straight line, a point and a line, two intersecting lines or two 
parallel lines. If the horizontal and vertical projections of these 
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Fig. 17 
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Points A, By d fixa plane 



magnitudes are given, the plane which they determine in space 
will be definitely located. 

The points A, B and C, Fig. 17, fix a plane in space. It is 

evident that a straight line joining A 
and B, B and C or A and C will lie 
in this plane. If any of these lines 
pierce the horizontal plane of projec- 
tion, the piercing point must be on 
the line of intersection of the plane of 
the given points A, B and C with the 
horizontal plane. Likewise, if the 
lines pierce the vertical plane of pro- 
jection, the piercing points must be on 
the line of intersection of the plane of 
the given points with the vertical 
plane. 

If a point and line are given by their projections, they will fix 
a plane. Other straight lines of the plane can be found by join- 
ing the given point with points on the given line. 

If the plane is fixed by two straight lines, either parallel or 
intersecting, any number of other straight lines of the plane can 
be found by joining a point in one of the given lines with a 
point in the other. 

16. Traces of planes. In Fig. 18, lettTt' be an oblique 
plane. The intersection tT with the horizontal plane is called 
the horizontal trace of the plane; and the intersection t'T 

with the vertical plane is called the 
vertical trace of the plane. 

The traces of a plane, being two 
intersecting or parallel lines, deter- 
mine its. position in space. 

If a plane intersects the - ground 

Fig. 18 line, its traces will intersect the 

ground line at the same point. 

If a plane is parallel to the ground line and oblique to the 

planes of projection, its traces will be parallel to the ground 

line. 
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If a plane simply contains the ground line, its position is not 
determined. 

If a plane is perpendicular to the horizontal plane, its vertical 
trace will be perpendicular to the ground line. 

Likewise, if a plane is perpendicular to the vertical plane, its 
horizontal trace will be perpendicular to the ground line. 

If a plane is perpendicular to both of the planes of projection 
and therefore to the ground line, both of its traces will be per- 
pendicular to the ground line. 

If a plane is parallel to the horizontal plane, its vertical trace 
will be parallel to the ground line. 

Likewise, if a plane is parallel to the vertical plane, its hori- 
zontal trace will be parallel to the ground line. 

17. Notation. Planes, given by their traces, are referred to 
by capital letters, as S, T, etc. 

Horizontal traces of planes are designated sS, tT, etc., Fig. 
18. The capital letter always being the point where the trace 
cuts the ground line. 

Vertical traces of planes are designated s'S, t'T, etc., Fig. 18. 



Fig, 19 



Fig. 20 





AB line in plane of MN and 
OP 



AB in plane and parallel to H 
CD in plane and parallel to V 
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When the traces of a plane do not cut the ground line "within 
the limits of the drawing, the horizontal trace will be designated 
ss and the vertical trace s's'. 

18. Line in plane. The two intersecting lines MN and OP, 
Fig. 19, fix a plane. The straight line AB, joining the point A 
in MN with the point B in OP, is another line of the plane, ab 
is its horizontal and a' b' its vertical projection. 

In Fig. 20, AB is a line parallel to H and lying in the plane of 
the lines MN and OP. Its vertical projection a' b' is first drawn 
and then its horizontal projection ab is found by finding the 
horizontal projections of the points X and Y where it crosses the 
given lines MN and OP. CD is a line parallel to V and lying in 
the same plane. Its horizontal projection cd is first drawn and 
then its vertical projection is found. These lines which lie in a 
plane and are parallel to H or V play an important part in the 
solution of many problems. 

19. If the plane is given by its traces, as in 
Fig. 21, a straight line joining the point A in 
the horizontal trace with the point B in the ver- 
tical trace will be a line of the plane T. The 
point A, being on the horizontal trace, has a and 
a' for projections and B, being on the vertical 
trace, has b and b' for projections. Then ab 
and a' b' are projections of the required line. 

A line AB, Fig. 22, which lies in a given plane 
and is parallel to the horizontal will be parallel 
to the horizontal trace of the plane. The vertical projection of 
this line will be parallel to the ground line and the horizontal 



Fig. tl 




Line AB in 
plane T 



Fig. 22 



Fig, es 
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Line AB parallel to H Line AB parallel to V 
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projection will be parallel to the horizontal trace of the plane. 
The point A is where the line cuts the vertical trace of the plane. 
A line AB, Fig. 23, which lies in the given plane and is par- 
allel to the vertical will be parallel to the vertical trace of the 
plane. The horizontal projection of this line will be parallel to 
the ground line and the vertical projection will be parallel to the 
vertical trace of the plane. The point A is where the line cuts 
the horizontal trace. 

20. If one projection of a line which lies in a plane is given, 
the other projection can be found. To do this find the other pro- 
jections of the points where this line intersects the lines which 
fix the plane and join them by a straight line. 

If one projection of a point which lies in a plane is given, the 
other projection is found by finding the projections of a line of 
the plane passing through the point and then locating the other 
projection of the point on the other projection of the line. 

21. Problems. 

1. Having given the horizontal projection of a line which lies 
in a plane fixed by two intersecting lines, to find the vertical 
projection. 

2. Having given the vertical projection of a line which lies in 
a plane fixed by its traces, to find the horizontal projection. 

3. Having given one projection of a point which lies in a 
given plane, to find the other projection. 

4. Find the projections of a point which liefe in a given plane 
and is a given distance from V. 

5. Find the projections of a point which lies in a given plane 
and is a given distance from H. 

6. Find the projections of a point which lies in a given plane 
and is a given distance from H and V. 

SUPPLEMENTARY PLANES OF PROJECTION 

22. Thus far only the horizontal and vertical planes of pro- 
jection have been used. It will, however, frequently be found 
convenient to make use of other planes which are in a simpler 
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position with reference to the object than either H or V. These 
are called supplementary planes of projection. 

The positions of these supplementary planes depend upon the 
position and form of the object. They are usually perpendicular 
to H but they may be taken perpendicular to V or in any posi- 
tion in which a simple view of the object can be obtained. A 
plane which is perpendicular to the ground line is called a 
profile plane. 

The use of such a plane is shown in Fig 24 where AB is a 



Fig. U 



given oblique line. The horizontal and 
vertical projections of the line, ab and 
a'b', do not show its true length or the 
true angles which it makes with the 
planes of projection. a"b" is the pro- 
jection of this line on a plane S which is 
parallel to the line and perpendicular to 
H. Sinco the line is parallel to the 
plane S, its projection a" b" on this 
plane is the true length of the line and 
the angle a is the true angle which the 
line makes with the horizontal plane. 

a"'b"' is the projection of the line on 
a plane T which is parallel to the line 
and perpendicular to V. This projection 
shows the true length of the line and the 
angle P which the line makes with the 
vertical plane of projection. 
Since a profile plane is perpendicular to the ground line, it 
can be revolved into either H or V after the projection of the 
object is made upon it. It is convenient to use this plane when 
an object such as a prism or cylinder has its axis parallel to the 
ground line. 

REVOLUTION AND COUNTER REVOLUTION OF OBJECTS 

23* An object is said to revolve about a straight line as an 
axis when each of its points moves in the circumference of a 




True length of line and 

angles it makes with 

Hand V 
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circle whose center is in the axis and whose plane is perpendicn- 
lar to the axis. 

When an object is revolved about a straight line as an axis, 
the relative position of its points is not changed. The object 
can thus be brought into a simpler position with reference to the 
planes of projection. The projections of the object in this posi- 
tion are easily found and from these projections the projections 
of the object in its original position are found by the counter 
revolution of its points. 

REVOLUTION OP A POINT ABOUT AN AXIS 

24. When the axis is perpendicular to H. 

In Fig. 25, let MN be the axis and P the given point. 

The point P will move in the circumference of a circle whose 
center is at O and whose radius is OP (Art. 23). The plane of 
the path of this point is perpendicular to MN and therefore par- 
allel to H. Therefore the horizontal projection of the path is 
a circle with a radius op and the vertical projection is a straight 
line through p' parallel to the ground line. 



Fig. 26 
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Point P revolved about MN as axis Point P revolved about MN as oacw 
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25. When the axis is perpendicular to V. 

In Fig. 26, let MN be the axis and P the given point. 

The point P will move in the circumference of a circle whose 
center is at O and whose radius is OP (Art. 23). The plane 
of the path of this point is perpendicular to MN and therefore 
parallel to V. Therefore the vertical projection of the path is a 
circle with radius o' p' and the horizontal projection is a straight 
line through p parallel to the ground line. 

26. To revolve a point in space into H about an axis 
which lies in H and is oblique to V. 

In Fig. 27, let MN be the axis and P the given point. 

The point P will move in the circumference of a circle whose 
center is at O, and whose radius is OP (Art. 23). The plane 
of the path of this point is perpendicular to MN, and therefore 
perpendicular to H, cutting H in the line op. The point P will 
fall in the horizontal plane either at Pi or P2 on the trace op, at 
a distance from o equal to OP, the radius of the circle. 

Fig. 28 shows the orthographic projection of this construction. 



Fig, S7 




Point P revolved into H about MN as axis 
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The distance from p' to the ground line, Fig. 28, is equal to the 
distance Pp, Pig. 27. Then oPi and 0P2, Pig 28, are each 
equal to the hypothenuse of a right-triangle of which op is the 
base and from p^ to the ground line is the altitude. In Fig. 28, 
the plane of the circle is imagined turned to the left into H. 
Then ppr = p'v and opr is the true length of the radius. 

If the point is directly above the axis, it is evident that the 
base of the triangle is zero, and the radius of the circle then be- 
comes equal to the altitude which is the distance of the point 
above the horizontal plane. 

27. To revolve a point in space into V about an axis 
which lies in V and is oblique to H. 

In-Fig. 29, let MN be the axis and P the given point. 

The point P will move in 
the circumference of a circle 
whose center is at O and 
whose radius is OP (Art. 23). 
The plane of the path of this 
point is perpendicular to MN, 
and therefore pependicular 
to V, cutting V in the line 
o' p'. The point P will fall 
in the vertical plane either at 
Pi or P2 on the trace o' p', 
at a distance from o' equal to 

the hypothenuse of a right-triangle of which o' p' is the base 

and from p to the ground line is the altitude. 
In this case the student will find it convenient to hold the page 

in a vertical position and picture the magnitudes in front of 

their vertical projections. 
If the point is directly in front of the axis, it is evident that 

the base of the triangle is zero and the radius of the circle then 

becomes equal to the altitude which is the distance of the point 

from the vertical plane. 

28. Problems. 

1. Revolve a point in the first angle through an angle of 45 
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NOTATION 17 

degrees about an axis perpendicular to H and show its projec- 
tions in the new position. 

2. Revolve a point in the fourth angle into H about an axis 
inH. 

3. Revolve a point in the second angle into V about an axis 
in V. 

4. Revolve a point in the third angle into H about the ground 
line as an axis. 

5. Having a given point and an axis in H, revolve the point 
about the axis until it is 1" above H and show its projections in 
this position. 

6. Having given a point in V, revolve the point about the 
ground line as an axis until it is 2" from V, and show its pro- 
jections in this position. 

LINE NOTATION-PENCIL 

29. The planes of projection are considered transparent. 
Hidden traces and traces of auxiliary planes, dot-dash, thus: 



Retrace required lines so that they stand out from the con- 
struction making hidden lines dashed. (Dashes about Y^ long 
and tV" apart.) 

All other construction is to be in very fine, full lines. 

LINE NOTATION-INK 

80. Traces of given planes, when visible, fine, full, black 
lines; when invisible, fine, dot-dash, black lines. 

Traces of required planes, when visible, heavy, full, black 
lines; when invisible, heavy, dot-dash, black lines. 

Traces of auxiliary planes, fine, dot-dash, red lines. 

Given lines, when visible, fine, full, black lines; when invisi- 
ble, fine, dashed, black lines. 

Required lines when visible, heavy, full, black lines; when 
invisible, heavy, dashed, black lines. 

All other construction is to be in fine, full, red lines. 
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ELEMENTARY PROBLEMS RELATING TO THE 
POINT, STRAIGHT LINE AND PLANE 

31. To find where a line whleh Is grlven by Its projec- 
tions pierces the planes of projection. 

Let MN, Pig. 30, be the line given by its projections mn and 
m n . 
First* To find where the line pierces V. 
Analysis. In Pig. 30, let the paper be the horizontal plane 



Fig. SO 
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wmmj 







Line MN pierces Vat O and 
HatP 



and let the vertical plane stand per- 
pendicular to the paper on G. L. 
As a point moves along the line 
from N toward M its horizontal 
projection follows the line nm, 
approaching the ground line. The 
distance of the horizontal projec- 
tion of the point from the ground 
line is always the distance from 
the point in space to the vertical 
plane. Therefore when the hori- 
zontal projection of the point is at o, on G. L., the point in 
space is on the vertical plane. This is the point where the line 
MN pierces V. 

Oonstruction. Extend mn to o and construct oo' perpendicu- 
lar to the ground line. The point o', where this perpendicular 
intersects m'n' extended, is the required point. 
Second. To find where the line pierces H. 
Analysis. Imagine the planes of projection as before. As a 
point moves along the line from N toward M its vertical projec- 
tion follows the line n'm'', approaching the ground line. The 
distance of the vertical projection of the point from the ground 
line is always the distance from the point in space to the hori- 
zontal plane. Therefore when the vertical projection of the 

[18] 
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point is at p', on Q. L., the point in space is on the horizontal 
plane. This is the point where the line MN pierces H. 

Construction, Extend m'n' to p' and construct p'p perpen- 
dicular to the ground line. The point p, where this perpendicular 
intersects mn extended, is the required point. 

32. Problems. 

1. Let the problem be solved when the line is in the third 
angle. 

2, 3, 4, 5. Find where the lines whose projections are given 
in the following figures pierce the horizontal and vertical planes 
of projection. 




6. Having given the horizontal and vertical piercing points of 
a line, to draw the projections of the line. 
S3. To find the lengfth of a straigrht line. 

Let AB, Fig. 31, be the given line. 

Analysis, First Method. Revolve the horizontal projecting 
plane of the line about its horizontal trace until it coincides with 
H. The given line in its revolved posi- 
tion will be shown in its true length . 

Construction. Revolve the line about 
ab, the horizontal trace of its horizontal 
projecting plane. The points A and B 
will fall at a" and b" respectively, at 
distances from a and b equal to the 
height of the points A and B from H 
(Art. 26) ; a"b" is the required length, 
since the points do not change their 
relative position during the revolution 
(Art. 23). 
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The problem can also be solved by revolving the vertical pro- 
jecting plane of the line abont its vertical trace until it coin- 
cides with V. 
84. Second method for the same problem. 
Let MN, Fig. 32, be the given line. 

Analysis, Revolve the horizontal pro- 
Fig. 32 jecting plane of the line about the hori- 

zontal projecting line of one of its points 
until it is parallel to V. In this position 
^^^^5:5;^^^^^ the line will be projected on V in its 

^^''' true length. 

~P^ Construction. Revolve the horizon- 

y^ tal projecting plane of MN about the 

y^ horizontal projecting line of N as an 

^ axis. The point N remains fixed, being 

^ in the axis, and M describes a horizontal 

n'mr' U^len0h of ^^^^^^ ^^^^ ^»^^^S «°^ (^^^- 24). The 

line vertical projection of this circle is a 

straight line through m' parallel to the 

ground line. The line will be parallel to V when m reaches mr, 

nmr being parallel to the ground line. The vertical view n'm'r 

in this position is the true length of the line. 

The line can also be revolved until it is parallel to H about 
the vertical projecting line of one of its points. In this position 
the horizontal view will be the true length of the line. 

35. Problems. 

1. Find the length of a line which is in the third angle. 

2. Find the length of a straight line joining a point in the 
first angle with one in the second angle. 

3. Find the length of a straight line joining a point in the 
first angle with one in the third angle. 

4. Find the length of a straight line joining any two points in 
a profile plane. 

6. Find the length of a straight line joining a point in the 
second angle with one in the fourth angle. 

6. Find the length of a straight line joining a point in G. L. . 
with a point in the second angle. 
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7. Prom a point on a line, given by its projections, lay off 
along the lino a length of two units. 

Find where the lines in the above problems pierce H and V. 

86. To find the traces of a plane eontalningr three given 
points. 

Let A, B and C, Pig. 38, be the given points. 

Analysis. A straight line joining two of the given points 

will lie in the required 



Fig. SS 




Plane T contains points A, B and G 



plane. One of these 
points joined with the 
third point will give 
another line of the 
plane. These two 
lines pierce H in two 
points which fix the 
horizontal trace of the 
plane. These lines 
also pierce V in two 
points which deter- 
mine the vertical trace 
of the plane. There- 
fore the traces of the 



plane are both determined. 

Construction, ab and a'b', ac and a^c'' are the horizontal and 
vertical projections of the lines joining A with B and A with C. 
AB pierces H at x, and AC pierces H at y (Art. 31). There- 
fore xy is the horizontal trace of the required plane. Also AB 
pierces V at v' and AC pierces V at w'. Hence w'v' is the re- 
quired vertical trace. 

xy and v'w' must intersect at the ground line. 

If two lines lie in a plane, a line connecting any point of one 
of these lines with any point of the other will also lie in that plane. 

37. Problems. 

1. Find the traces of a plane containing three given points in 
the third angle. 

2. Find the traces of a plane containing two intersecting 
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lines; one oblique to H and V and one parallel to the ground 
line. 

3. Find the traces of a plane which will contain two given 
parallel lines. 

4. Pass a plane through three points when one of them is on 
the ground line. 

5. Pass a plane through a line which is oblique to H and V 
and a point which lies in V. 

6. Pass a plane through two intersecting lines; one is parallel 
to H and oblique to V, and one is parallel to V and oblique to H. 

7. Pass a plane through two lines which do not cut H or V 
within the limits of the drawing. 

8. Find the traces of a plane containing three given points; 
one in H, one in V and one in the first angle. 

9. Pass a plane through two lines which intersect on the 
ground line. 

38. To find the distance from a griven point to a given 
straight line. 
In Fig. 34, let A be the given point and MN the given line. 



Fig, Sit 



Analysis. Find the traces of a 
plane containing the given point and 
line (Art. 36). Revolve the point 
and line into H about the horizontal 
trace or into V about the vertical 
trace of this plane (Art. 26). Since 
the point and line do not change their 
relative position during the revolution 
(Art. 23), the distance between them 
will be shown in its true length on 
the horizontal or on the vertical plane 
of projection. 

Construction. Join A with some point of MN, as M, and find 
the traces of a plane containing the lines MN and MA. tT is 
the horizontal trace of this plane. When the plane is revolved 
into H about tT as an axis, A falls at a^', M at m^^ and o re- 
mains fixed, being on the axis (Art. 26). Then a^^c, perpendic- 
ular to m^'o, is the true distance from the point A to the line MN. 




a'c distance from A to 
line MN 
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39. Problems. 

1. Let the problem be solved when both the point and the line 
are in the third angle. 

2. Find the distance from a point on V to a line in the first 
angle. 

3. Draw the projections of a line which passes through a given 
point and makes 30° with a given line. 

4. Through a point on a given line draw a line which makes 
a^ with the given line. 

40. To find the angrle between two intersecting straight 
lines. 

Let AB and CD, Pig. 35, be the given lines. 
Analysis, Since the lines intersect, the traces of a plane 
containing them can be found. If this plane be revolved into 
■p. gg H about its horizontal 

trace, and the revolved po- 
sitions of the lines be 
found, the angle will be 
shown in its true size, since 
the lines do not change their 
relative positions during 
the revolution (Art. 23). 

Construction, tt is the 
horizontal and t't' the ver- 
tical trace of the plane con- 
taining the lines AB and 
CD (Art. 36). Revolve the 
plane T into H about tt as 
an axis (Art. 26). x moves to x" and o and p remain fixed, being 
in the axis, yx" is equal in length to the hypothenuse of a right- 
triangle having xy as the base and zx' as the altitude. Then ox" 
is the revolved position of CD and px" is the revolved position 
of AB. Hence ox"p is the required angle. 

The true size of the angle can be found by revolving the 
plane T into V about t't' as an axis. The axis might also be 
taken in the plane T parallel with either tt or t't' and the true 




ox'p true angle between A Band CD 
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size of the angle found by revolving the plane until it is parallel 
with one of the planes of projection. 

The projections of the angle may be less, equal to or greater 
than the angle itself. 

To bisect an angfle. When the angle is shown in its true 
size, the bisector can be drawn. The bisector can then be re- 
volved back to the original position with the plane T and its pro- 
jections found. 

41. Problems. 

1. In Art. 40, find the angle by revolving into V about t^t'' as 
an axis. 

2. Bisect the angle between two intersecting lines in the third 
angle. 

3. Draw the projections of a pyramid with base on H and find 
the angle between any two lateral edges, also the angle between 
a lateral edge and a side of the base. 

4. Find the angle between two intersecting lines when one of 
them is parallel to H. 

5. Find the angle between two lines when one is perpendicular 
to V. 

6. Find the angle between two intersecting lines when one is 
oblique to H and V and the other parallel to G. L. 

7. Find the angle between the traces of a plane. 

8. Two lines intersect on the ground line; find the angle be- 
tween them. 

9. Find the angle between two intersecting lines when one is 
oblique to H and V and one lies in a profile plane. 

10. Draw the projections of a triangle and bisect the angles. 

11. Find the angle between two lines by revolting parallel to 
H about an axis parallel to H in the plane of the angle. 

12. Find the angle by revolving parallel to V about an axis 
parallel to V in the plane of the angle. 

13. Find the angle between the G. L. and a line which cuts it. 

42. Througrh a griven point to pass a plane which will be 
parallel to two griven straigrht lines. 

Analysis, Through the given point drawn a line parallel to 
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each of the given lines. A plane containing these two lines is 
the required plane. 

Let the construction be made according to the given analysis. 

48. Problems. 

1. Through a given point, pass a plane parallel to two lines, 
one of which is parallel to G. L. 

2. Through a given line, pass a plane parallel to another 
given line. 

3. Through a given point, pass a plane parallel to a given 
plane. 

4. Through a given line, pass a plane parallel to G. L. 

44. To find the line of interseetion of two planes whieh 
are sriven by their traces^ 

Let T and S, Fig. 36, be the given planes. 
Analysis. The intersection is a straight line lying in each 

plane. If any two of its points be 
located and joined by a straight 
line, it will be the required inter- 
section. One point of the line is 
at the intersection of the horizon* 
tal traces, and another is at the in* 
tersection of the vertical traces. 
Joining these two points will give 
the required intersection. 

Construction, a and a! are the 
projections of the intersection of 
the horizontal traces, and b and b' 
are the projections of the intersec- 
tion of the vertical traces. Then 
ab is the horizontal and a'b' the vertical projection of the re- 
quired line of intersection of the planes T and S. 

45. The same problem as Art. 44 when the traces do not 
Intersect within the limits of the drawing. 

Let T and S, Fig. 37, be the given planes. 
Analysis. If a plane be passed parallel to H it will cut lines 
from T and S which will be parallel to their horizontal traces. 




AB line of intersection 
of planes T and 8 
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\ 



AB line of intersection of planes 
Tand S 



These lines will intersect in a point of the required intersection. 
By passing another plane parallel to H, another point of the in- 
tersection is found. The line 
joining these two points is the 
required intersection. 

The problem can be solved by 
passing the auxiliary planes 
parallel to V. 

Gonstruction, Let U and V 
be the two auxiliary planes tak- 
en parallel to H. ca and c'a' 
are the two projections of the 
line cut from T by the plane U, 
and fa and f 'a' are the projec- 
tions of the line cut from S. 
a is the horizontal projection 
and a' the vertical projection of 
their intersection. In a similar way the points b and b' are 
found. Then ab is the horizontal and a'b' is the vertical pro- 
jection of the required intersection. 
46. Problems. 

1. Find the line of intersection of two planes in the third 
angle. 

2. Find the intersection of two planes when one is oblique to 
H and V and the other perpendicular to H and oblique to V. 

3. Find the intersection of two planes when one is oblique to 
H and V and the other parallel to H. 

4. Find the intersection of two planes when one is oblique to 
H and V and the other parallel to V. 

5. Find the intersection of two planes when they are both 
perpendicular to V or when they are both perpendicular to H. 

6. Find the intersection of two planes when one is oblique to 
the ground line and one parallel to the ground line, crossing the 
first angle. 

7. The same as problem 6, when the plane parallel to the 
ground line crosses the second angle. 
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8. The same as problem 6, when the plane parallel to the 
ground line crosses the fourth angle. 

47. To find the point in which a griven straigrht line 
pierces a given plane. 

Case I. When the plane is given by its traces. 

Let AB, Fig. 38, be the given line and T the given plane. 

Analysis. If a plane be passed ^. ^^ 

containing the given line it will cut a 
line from the given plane which will 
contain the required point. The 
point must also be in the given line. 
It must therefore be at the intersec- 
tion of the given line with the line of 
intersection of the two planes. 

Construction, Let the auxiliary 
plane be the horizontal projecting ^^ 

plane of the line; ad is the horizon- ^^ ^.^^^ j,^^p 

tal and dd' the vertical trace of this 

plane, cd and c^d' are the projections of the line of intersec- 
tion of this plane with T (Art. 44). c'd' cuts a'b', the verti- 
cal projection of the given line, at p^ which is the vertical pro- 
jection of the required point. The horizontal projection of the 
point is at p. 

The point can be found by using the vertical projecting plane 
of the line AB. 

48. Problems. 

1. Let the problem be solved with the line and plane in the 
third angle. 

2. Find the point where a line which is parallel to G. L. 
pierces a plane which is oblique to H and V. 

3. Find the point where a line which is parallel to H and 
oblique to V pierces a plane which is parallel to G. L. 

4. Find the point where a line which lies in a profile plane 
pierces a plane which is parallel to G. L. 

5. Find the length of the part of a line intercepted between 
two planes. 
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Fig.S9 




MN pierces plane of AB and 
CDat P 



6. Given three lines, no two of which lie in the same plane; 
find the projections of a line which touches all three of them. 

7. Find the intersection of an oblique triangular pyramid with 
a given oblique plane. 

49. Case 11. When the plane is sriven by any two of its 
straigrht lines. 

Let AB and CD, Fig. 39, be 
the lines which determine the 
plane and MN the given line. 

Analysis. Find the points 
where the lines which determine 
the plane pierce the horizontal 
or vertical projecting plane of 
the given line. The line joining 
these two points will cut the 
given line in the required point. 
Construction. AB pierces the 
horizontal projecting plane of 
MN at Y and CD pierces it at X. x'y', the vertical projection of 
the line joining these two points, intersects m'n' at p', the ver- 
tical projection of the required point; p is its horizontal projec- 
tion. 

Bemarks, This construction can be used when the plane is 
given by three points, a point and a line or two parallel lines. 

Gate I is the same as Case II when the traces are considered 
as the given lines of the plane. 

50. Problems. 

1. Let the problem be solved when all of the lines are in the 
third angle. 

2. Find where a line pierces the plane of two parallel lines 
without finding the traces of the plane. 

3. Find where a line pierces the plane of a point and a line 
without finding the traces of the plane. 

4. Find where a line pierces the plane of three points without 
finding the traces of the plane. 

5. Find the line of intersection of two planes each given by 
two intersecting lines without finding the traces of the planes. 
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6. Find the intersection of a prism and a pyramid by the above 
method. 

51. If a line Is perpendicular to a plane, the projeetions 
of the line will be perpendicular to the respective traces 
of the plane- 
Let AB be the line and T the plane, Pig. 40. 

The horizontal projecting plane of AB contains AB and Aa 
and is perpendicular to both T and H, and 
therefore to their intersection tt. Hence 
tt is perpendicular to every line of the hor- 
izontal projecting plane, and therefore per- 
pendicular to ab, which is the horizontal 
projection of AB. 

In a similar way it is shown that the 
vertical projection of the line is perpen- 
dicular to the vertical trace of the plane. ^B perpendicular to 

t)l(ine T 

Conversely— If the projections of a 
line are perpendicular to the respective traces of a plane» 
the line is, in greneral, perpendicular to the plane. 

For if a plane is taken perpendicular to H through ab, it will 
be perpendicular to tt, and therefore to T. In a similar way it 
is shown that the plane perpendicular to V, containing the ver- 
tical projection of the line, is perpendicular to T. Hence the in- 
tersection of the two planes, which is the line AB, is perpendic- 
ular to T. 

This is not true when the plane is parallel to G. L. 

52. To find the distance from a point to a plane. 
Analysis. Draw a perpendicular from the given point to the 

given plane (Art. 51), and find where it pierces the plane (Art. 
47) . The length of the perpendicular from the given point to 
the piercing point is the required distance. 

Let the construction be made in accordance with the given 
analysis. 

53. Problems. 

1. Find the distance from a point to a plane which is parallel 
toG. L. 
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2. Find the distance from a point to a plane which is perpen- 
dicular to V and oblique to H. 

3. Find the distance from a point to a plane which is perpen- 
dicular to H and oblique to V. 

4. Find the projections of a point which is 4^^ from a fifiven 
plane. 

5. Find the distance from a point on the ground line to a 
given plane. 

6. Find the traces of an oblique plane which is parallel to and 
4^'' from a given oblique plane. 

7. Find a point on the ground line which is ^' from a given 
oblique plane. 

54. To project a sriven straigrht line on any oblique 
plane. 

Analysis. Through any two points of the line, erect perpen- 
diculars to the given plane. A line joining the points where 
these perpendiculars pierce the plane will be the required projec- 
tion. 

Let the construction be made in accordance with the above 
analysis. 

55. Problems. 

1. Find the projection of a line which is parallel to H and 
oblique to V on a plane which is oblique to the ground line. 

2. Find the projection of a line which is parallel to V and 
oblique to H on a plane which is oblique to the ground line. 

3. The horizontal and vertical projections of a line are parallel 
respectively to the traces of a plane. Find the projection of the 
line on the plane. 

4. Find the projection of a line which is parallel to the ground 
line on a given oblique plane. 

5. Find the projection of a line which is oblique to H and V 
on a plane which is parallel to the ground line. 

6. Find the projection of the ground line on a given oblique 
plane. 

7. Find the projection of a line which lies on V on a plane 
which is parallel to the ground line. 
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8. Find the projection of a line which lies in a profile plane 
on a plane which is oblique to the ground line. 

56. To find the angle which a given straight line makes 
with a given plane. 

Let AB, Fig. 41, be the given line and S the given plane. 

Fig^ j^i Analysis, The an- 

gle which a line makes 
with a given plane is 
understood to be the 
angle which the line 
makes with its pro- 
jection on that plane. 
If a perpendicular be 
dropped to the plane 
from some point in the 
given line, this per- 
pendicular, the given 
line and the projec- 
tion of the line on the 




'1-^. 



Qcya" angle AB makes witk plane 8 

plane form a right- triangle. One of the acute angles of this tri- 
angle, the one between the given line and its projection on the 
plane, is the required angle; the other acute angle is the angle 
between the given line and the perpendicular to the plane and 
is the complement of the required angle. Therefore if the 
angle between the given line and a perpendicular to the plane 
from any point of the line be found and its complement con- 
structed, this will be the required angle. 

Construction. Draw a perpendicular to the plane S from the 
point A; ac and a'c' are the projections of this perpendicular 
(Art. 51). ce is the horizontal trace of the plane containing 
the lines AC and AB (Art. 36). ca^^e is the true size of the 
angle between AC and AB (Art. 40). xya^', the complement of 
ca^^e, is the required angle. 

57. Problems. 

1. Let the problem be solved when the line and plane are both 
in the third angle. 
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2. Find the angle which a line parallel to the ground line 
makes with a plane which is oblique to the ground line. 

3. Find the angle which a line parallel to H and oblique to 

V makes with a plane which is oblique to the ground line. 

4. Find the angles which a given line makes with the planes 
of projection. 

5. Draw the projections of a line which makes 30° with H and 
is oblique to V. 

6. Draw the projections of a line which makes 60° with V and 
is oblique to H. 

7. Draw the projections of a line which makes 30° with H and 
45° with V. 

8. Can a line make 45° with H and 60° with V! 

58. Throusrh a griven point, to pass a plane perpendicu- 
lar to a griven straigrht line. 

Let A be the given point and BC the 
given line, Fig. 42. 

Analysis. The directions of the traces 
of the required plane are known ; the hori- 
zontal trace being perpendicular to the 
horizontal projection of the line and the 
vertical trace being perpendicular to its 
vertical projection (Art. 51). A line 
through the given point, having the same 
direction as the required horizontal trace, 
will lie in the required plane and will pierce 

V in a point of the required vertical trace, ^^a^ T perpmdicular 
The vertical trace can then be drawn 

through this point perpendicular to the vertical projection of the 
given line. Through the point where the vertical trace inter- 
sects the ground line, the horizontal trace can be drawn perpen- 
dicular to the horizontal projection of the line. 

Construction, ad, perpendicular to be, and a'd', parallel to 
the ground line, are the projections of a line parallel to the 
required horizontal trace. This line pierces V at d'. Through 
d', draw t'T perpendicular to b'c'. Through T, draw Tt per- 
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I)endicular to be. Then t^T and Tt are the vertical and horizon- 
tal traces of the required plane. 

59. Problems. 

1. Let the problem be solved when the point and line are both 
in the third angle. 

2. Through a given point on a line, pass a plane perpendicu- 
lar to the line. 

3. Through a given point, pass a plane perpendicular to a line 
which is parallel to H and oblique to V. 

4. Through a point on G. L., pass a plane perpendicular to a 
given oblique line. 

60. To find the angle which a plane, griven by its traces, 
makes with the horizontal plane of projection. 

Let T, Fig. 43, be the given plane. 

Analysis. A plane passed perpendic- 
ular to the horizontal trace of the given 
\ ^t' plane will cut a line from this plane and 
^^ also from H. The angle between these 

^^/ j lines is the measure of the required angle, 

>^ a'/ \s since each line is perpendicular to the 

^\ i /^\ horizontal trace of the given plane. 

\.l>/\ -^^A* Construction. sS and s'S are the tra- 

y^\"' ces of a plane perpendicular to tT. The 

/ \. plane S cuts the line AB from T and 

, , , , , m 7 sS from H. The required angle Sab" 
hab' angle plane T makes , ^ ,, ,..,„, 

' witk U IS found by revolvmg into H about sS 

as an axis. 

61. Problems. 

1. Find the angle which a given plane makes with V. 

2. Take a plane in the third angle and find the angles which 
it makes with the planes of projection. 

3. Given the horizontal trace and the angle which a plane 
makes with H, to construct the vertical trace. 

4. Given the vertical trace and the angle which a plane makes 
with V, to construct the horizontal trace. 

5. Given the vertical trace and the angle which a plane makes 
with H, to construct the horizontal trace. 
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Fig. U 



f' 



6. Are the angles which a plane makes with the planes of pro- 
jection complementary? What are the upper and lower limits 
for the sum of the angles which a plane makes with the planes 
of projection! 

7. Find the traces of a plane which contains a given point P 
and makes an angle of 0° with H. (Use a cone with vertex at P, 
base on H and elements making the angle 6° with H.) 

8. A line is oblique to H and V. Find the traces of a plane 
which makes 6^ with H and contains the given line. 

62. To find the angle between any two planes which are 
sriven by their traces. 

Let T and S, Fig. 44, be the given planes. 
Analysis, A plane passed perpendicular to the line of inter- 
section of the given planes will cut 
a line from each of them which is 
perpendicular to the intersection. 
The angle between these lines is 
the measure of the required angle. 
Construction, Through any point 
P of the intersection AB, pass a 
plane perpendicular to the intersec- 
tion (Art. 58), titi is the horizon- 
tal trace of this plane, pmand p'm' 
are the projections of the line cut 
from S and pn and p'n' the pro- 
jections of the line cut from T by 
by the plane T i . Revolving into H 
about titi as an axis (Art. 26), 
the true size of the required angle 
is found to be 0. 
63. Problems. 

1. Find the angle between two 
planes when one is oblique to H 
and V and one perpendicular to H and oblique to V. 

2. Find the angle between two planes when one is oblique to 
H and V and one perpendicular to V and oblique to H. 
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3. Find the angle between two planes when one is oblique to 
H and V and one parallel to H. 

4. Find the angle between two planes when one is oblique to 
the ground line and one parallel to the ground line crossing the 
first angle. 

5. Find the angle between two planes when they are both par- 
allel to the ground line. 

64. To find the common perpendicular to two lines not 
in the same plane. 

Let AB and CD, Fig. 45, be the given lines. 

Analysis, Pass a plane through one line parallel to the other 
and project the second line on this plane. This projection will be 



Fig. 45 



/^' 




XY common perpendicular to A B and CD 
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parallel to the line itself, since the line is parallel with the 
plane. Where this projection cuts the first line, erect a perpen- 
dicular to the plane. This is the common perpendicular to the 
two lines. 

Construction. Pass a plane through AB parallel to CD (Art. 
43, Prob. 2) ; T is this plane. Project any point O of CD on 
the plane T. M is the projection of this point and MN, par- 
allel to CD, is the projection of CD on the plane T. MN inter- 
sects AB at X, and XT, perpendicular to T, is the required line. 

65. Problems. 

1. Find the common perpendicular to two lines when one of 
them is parallel to G. L. 

2. Find the common perpendicular to two lines when one of 
them is perpendicular to H. 

3. Find the common perpendicular to two lines when one of 
them is perpendicular to V. 

4. Find the common perpendicular to a given oblique line and 
the ground line. 
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PROBLEMS 



The following problems can be solved in rectangles 10^ " X 14" ; 
two problems can be placed on a sheet 15" X 22" and leave i" for 
border. 

The ground line is to be parallel to the shorter sides of the 
rectangle. 

The profile plane P is in the center of the rectangle. 

Distances are given in inches. 

Points are located by giving their perpendicular distances from 
P. V and H. 

The first distance is from P. 

The second distance is from V. 

The third distance is from H. 

Distances are measured to the right of P, in front of V and 
above H unless preceded by a minus sign. 

1. Find the traces of a plane containing the following points: 
A, in the first angle; B, in the second angle; C, in the third 
angle. 

2. Find the traces of a plane containing the following points: 
A, in H; B, in G. L. ; C, in the first angle. 

3. Find the traces of a plane containing the two parallel lines 
A (-4,-U, 3i) B (3,-1, 3i) and C (-4, 2, i) D (3, 2i, |). 

4. Find the length of a line joining the two points A (— 3|, 
3i, -DandB (2. 1. 3i): 

1st. By revolving into H about the H trace of its H project- 
ing plane 

2nd. By revolving into H about the H trace of its V project- 
ing plane. 

3rd. By revolving into V about the V trace of its V project- 
ing plane. 

4th. By revolving into V about the V trace of its H project- 
ing plane. 

5. Determine the traces of a plane passing through the points 
A (~H, 0, 0), B (0, 2i, 3i) and C (3^, 3|. S\); and find the 
true size of the angle between the traces. 
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6. Given the plane t (3i, 61, 0); T (-4, 0, 0,); t' (3i, 0, 4i). 
Assume four lines in the plane passing through the point (If, 
2^, z): 1st parallel to V; 2nd parallel to H; 3rd perpendicular 
to the ground line; 4th inclined 30° to V. 

Revolve the plane of the lines to the left into H and show the 
true position of the lines. 

Take the ground line 1" above the center of the rectangle. 

7. The H and V piercing points of a line are (—5, 0, 3^) and 
dii 3|, 0) respectively. It is required to find: 

1st. The projections of the line. 

2nd. The projections of a line parallel to V, inclined 45° to 
H and intersecting the given line at the point which is nearest 
the ground line. 

Note: Use a profile plane through a point |'^ to the right 
of the origin. 

8. The vertices of a triangle are at the points A (— 2f , f , 2^) , 
B ( — li, 3|, i), C (li, 2, 5i). It is required to draw the pro- 
jections of the bisectors of the three angles. 

Take the axis in the plane of the triangle and 2" above H. 

9. Find the line of intersection of the planes whose traces 
are: t (i, 3|, 0), T ( -5i, 0, 0), t' ( -li, 0, 3f ) ; s (i 3f, 0), 
S(U.O,0),s' (3i, 0, 31).* 

10. Given three points in each of three planes. It is required 
to find the point of intersection of the three planes. 

1st (-5i, 1|, 0), (-If, 0, 0) and (-4i, 0, H). 
2n<L. (4^ 3i, 0), (-If, 0, 0) and (-4i, 0, 4i). 
3rd. (2, 31:, 0), (41, 0, 0) and (2. 0, 4i). 

11. The traces of three planes are given as follows: t(— 2f , 
Sh 0), (-2f, 31, 0), (-3f, 2,0); T (-51, 0,0), (-|, 0, 0), 
(2, 0. 0); t' (i, 0, 2f), (21, 0, 3^, Of, 0, 3). Find the pro- 
jections of the tetrahedron included between the three planes 
and H. Use an auxiliary horizontal plane 2^^ above H. 

12. Find the line of intersection of two planes which are par- 
allel to the ground line and contain the points (li, 1, 0), (1^, 
0, 3i)and(U, 31, 0), (U, 0, 2). 

Suppose the planes to be revolved 45° to the right about a 
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vertical axis through the point (— f , 2, 0). Show the traces for 
the new position. 

13. Given a line which is parallel to the ground line and 
passes through the point (—3, 2y, 3). It is required to find the 
point in which it pierces the plane of two lines through the 
points {— 3^-, 1, 3|) and (3J^, — li, 3^), and intersecting at the 
point ( — i, 2, 2), without finding the traces of the plane. 

14. Find the line which will touch the three lines: A (— 3i, 
3, 1) B (-11, i, 5). C (-h h 4) D (H, 1, i) and E (-li, U, 
41) F (0, h 1). 

15. Through a given point take a line which touches any 
other two non- intersecting lines. 

16. Through three given lines not situated two by two in 
planes, take three planes which have a common line of inter- 
section. 

17. Given a point and two planes. Required a line through 
the point parallel to both planes. 

18. Assume four points at random. Do all the points lie in 
the same plane? 

19. Given a plane T and a line MN which pierces the plane. 
Find a line in T which intersects MN and is perpendicular to it 
(MN is not perpendicular to the plane T.) 

20. At a point of outcrop (0, 3, 1) the strike of a body of 
ore is north 45° west. The "dip'' (the inclination of the ore 
body to the horizontal) is 60°. A tunnel is driven at P (— -li, 
5i, 0) north 10° east on a rising 10% grade. How far will the 
tunnel have to be driven to reach the ore body! 

Note: The * 'strike'' means a horizontal line in the plane of 
the ore body. 

21. From point of outcrop A, run south 30° west 100 feet to a 
drillhole B. The drillhole C is 100 feet from both A and B. 
The drill strikes ore at B at a aepth of 25 feet and at C at a 
depth of 50 feet. Determine the dip and strike of the vein. 

22. Points A, B and C are upon a sidehill which is a plane 
dipping west 30°. A is a point of outcrop of the vein. From 
A, B bears south 45° west 350 feet horizontally, while C bears 



Digitized by VjOOQ IC 



40 DESCRIPTIVE GEOMETRY 

south 15° east 700 feet on the slope of the hill. At B and C, 
drillholes driven perpendicular to the surface each encounter the 
vein at 175 feet. Determine the strike and dip of the vein. 

23. A borehole cuts a 6- foot core from a vein whose strike is 
north 75° east and whose dip is 60° to the northwest. The bore- 
hole bears north 30° east and dips 75°. Required the true thick 
ness of the vein. 

24. A horizontal tunnel cuts a vein at 1000 feet from the 
portal. The vein strikes north 45° west and dips 75° to the 
southwest. The tunnel is driven north 30° east. What will be 
the horizontal distance at which a tunnel on a 4% grade, driven 
from the same point and north 15° west, will cut the vein? 

25. From A, B bears north 30° east 1500 feet; from A, 
bears south 60° east 1200 feet. At A, a vertical borehole cuts 
a vein at 290 feet; at B, an inclined borehole bears north 75° 
east, dips 75° and cuts the vein at 515 feet; At C, a vertical hole 
cuts the vein at 375 feet. Elevation of A, 9800 feet; B. 9600 
feet; C, 9900 feet. Required the strike and dip of the vein. 

26. A borehole bearing north 15° east and dipping 75° inter- 
sects a vein whose strike is north 45° east. The true thickness 
of the vein has been found to be 83^ feet while the core from 
the borehole shows 6 feet of vein matter. Find the dip of the 
vejin. 

27. Given three oil wells, A, B, C: A, 550 feet above sea 
level, 1450 feet deep; B, 325 feet above sea level, 975 feet deep; 
C, 425 feet above sea level, 1100 feet deep. Find the depth of 
a well to be sunk to the same oil vein at D which is 613 feet 
above sea level. 

28. The base of a polyhedron is determined by the following 
four points: A (-2|, 2i 0), B (-H, f, 0), C (-2i, 3i, 0), 
D (t, 2i, 0). The V projections of the edges of the polyhedron 
make 60° and the H projections— 30° with 6. L. The upper 
base is parallel to H and ^" above it. Find the intersection of 
this polyhedron with the pyramid O—EFG. 0(— 3, |, 5i), 
E(-li, 41, 0), F (2i, U, 0), G (3i, 4^ 0). 

29. Find the intersection of a cube with a square prism when 
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the diagonal of the cube coincides with the axis of the prism. 
Edge of cube 2^^; side of base of prism 2^^; altitude 5^\ Axis 
of prism perpendicular to H, the plane of one face making 15° 
with V. The H projection of one top edge of the cube is per- 
pendicular to a face of the prism. 

Develop the surface of the cube showing the line of intersec- 
tion. 

30. Find the line of intersection of a square prism and a right 
square pyramid. Prism 2^^x2^^:s,^i^\ with edges parallel to H 
and 30** with V. The plane of one face makes 30° with H and 
the lowest edge is Y^ above H. Base of pyramid 2^^ square 
resting on H. Altitude 5^\ Side of base makes 60° with V. 
Axis of pyramid perpendicular to H. Axes of prism and pyra- 
mid i^^ apart. 

Note: This problem can be multiplied by changing the dis- 
tance between the axes of the prism and pyramid. 

31. Draw the projections of a pyramid O— ABC. 0(— |, 
3J, 6), A(-4A. 2iV, 0), B (3. 1, 0), C (H, 6, 0). 

(1) Bisect the angles AOB. OBO, etc. 

(2) Find the intersection of the pyramid with a plane; 
H trace— 45° and V trace 30° with G. L. 

Traces cut G. L. at (—5, 0, 0). 

(3) Find the angles which planes AOC, BOO, etc., 
make with H. 

(4) Find the angles between the planes AOC and BOC, 
BOC and BOA, etc. 

32. Cut a parallelogram having one side 2'^ long from the pyr- 
amid 0-ABCD. O (2i, f, 5i), A (-4i, 4|, 0), B (2, 5f, 0). 
C(2i3i,0),D (-1,1,0). 

33. Given two planes, one of which makes an angle of 30° 
with H and passes through the points (4i, 0, 0) and (i, 3i, 0); 
the traces of the other plane intersect at (— li, 0, 0) and make 
angles of 15° and 60° with the ground line in H and V respec- 
tively. 

Find the angle between the two planes: 

1st. By the usual method of finding the angle between two 
planes. 
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2iid. By means of a perpendicular to each plane through 
(-If, 2, 2i). 

34. Given a plane which passes through the point (2f , 3J, 0) 
and intersects the ground line iV^ from the origin, the V trace 
making an angle of 135° with G. L. Draw the projections of a 
circle which lies in the plane and is tangent to the V trace. 

Diameter of circle ^'\ Center at the point ( — i, y, z). 
Find the major and minor axis in each projection. 
Find the tangent point. 
Show how other points may be found. ^ 

35. Given a plane which passes through the points M (li, 0, 
4i) and T (— 2f , 0, 0), the H trace making an angle of — 60"" 
with the ground line. Draw the projections of a line contained 
in the given plane, passing through the point M and making an 
angle of 45° with H. This line is the projection of another line 
on the plane T. This second line passes through the point M 
and makes an angle of 30° with the given plane. Draw its pro- 
jections. 

36. The shortest line between the lines A (— |, i, 8^) B (f , 
31, f ) and (-2i, If, 2J) D (|, 1, i) is the axis of a right 
rectangular prism. The diagonals of the upper and lower bases 
coincide with AB and CD respectively. The shorter edge of the 
base is \\\ Draw the projections of the prism. 

37. Substitute A (3^ 5, 2) B (3i. 3, 0) and (—2, 2f . 2i) 
D (If, 0, 3f) in problem 36. 

38. Given a plane T whose vertical and horizontal traces cut 
the ground line at the point (—4^, 0, 0) 
and make angles of+ 30° and — 45° re- 
spectively with it. Also a square ABCD 
on H whose side AB makes 210° with 
the ground line. Point B at (If, f , 0) ; 
side AB 2\\ Required to revolve the 
square ABCD into plane T about Tt as 
an axis and find its projections in this 
new position. 

39. Let the square in the preceding problem be the base of a 
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2\'' cube resting on the plane T. Draw the horizontal and ver- 
tical projections of the cube. 

40. The horizontal and vertical traces of a plane make angles 
of— 45° and 30° respectively with the 
ground line and cut it — 4^^ from the 
profile plane P. A cube whose edge is c 
1\" rests on the plane in such a position 
that two edges AB and EP (Fig. 1) of 
the base make angles of 30° with the H 
trace. The corner B nearest H being at 
("~¥, y, i)- Draw the H and V pro- /" 
jections of the cube. 

41. Keeping the edge BA as in 40, draw the projections of the 
same cube having one of its corners in H. 

42. Keeping the edge BA as in 40, draw the projections of the 
same cube having one of its corners in a plane parallel to and 
ly' in front of V. 

43. Keeping the edge BA as in 40, draw the projections of the 
cube having the edge BP making an angle of 30° with H. 

44. Keeping the edge BA as in 40, draw the projections of the 
cube having the edge BP making an angle of ( ) ° with V. 

45. Keeping the edge BA as in 40, draw the projections of the 
cube having the plane of its face ABFE making an angle of 30^ 
with plane T. 

46. Keeping the edge BA as in 40, draw the projections of 
the same cube having the plane of its face ABPE making an 
angle of 45° with H. 

47. Keeping the corner B as in 40, draw the projections of the 
cube having one corner in H and another in V. 

48. Find the projections of a regular hexagonal pyramid 
standing on a plane through A (—If, If, 2|) parallel to the 
lines B (-3i 4|, 4) C (2i, f , 21:) and D (-li, i, 4|) E (If, 
4, \) , One side of the base lies in the line of intersection of 
the plane of the base and a plane through A perpendicular to the 
line BC. Vertex at the point (2f , 4f , 51) . 

Find where BC and DE pierce the pyramid. 
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49. Substitute regular trianglar pyramid for regular hexag- 
onal pyramid in 48. 

50. Substitute regular square pyramid for regular hexagonal 
pyramid in 48. 

51. Substitute regular pentagonal pyramid for regular hexag- 
onal pyramid in 48. 

52. Substitute a right circular cone having its base inscribed 
in the hexagonal base of the pyramid in 48. 

53. The line A (— 2|, 0, li) B (— i, 2i, 0) coincides with 
the edge of a cube having one corner in Hand another corner in 
V. Edge of cube 3^\ Draw the projections of the cube. 

54. Draw the projections of the cube when one edge coincides 
with AB (as given in problem 53), one corner is at A and the 
corner at the other end of the diagonal through A also lies in V. 

55. Draw the projections of the cube when one edge coincides 
with AB (as given in problem 53), one corner is at A and the 
corner at the other end of the diagonal of a face from A also 
lies in V. 

56. The same as problem 53 when one corner lies at B and 
some other corner is also in H, but no corner in V. 

57. Same as 53 when neither A nor B is a corner of the cube. 

58. C (-U, If, li) E (1^, 3h 4i) is the diagonal of a cube, 
One corner of the cube is in a plane whose traces make angles 
of —45° and 60° with the ground line in H and V respectively 
and intersect at a point — 3|" from P. Draw the projections 
of the cube. 

59. C (— 3i,3, li) E di, 3, li) is a diagonal of a cube. One 
corner is in H. Draw the projections of the cube. 

60. The same as problem 59, but having a corner of the cube 
in V in the place of in H. 

61. Given the three lines A (-i, 3, 1) B (— 2|, 4i, 2) A 
(-1, 3, 1) C (If, 5^, 2) and A (h 3, 1) D (J, 0, H). As- 
sume on the lines, in the order named, the distances li-", V^ 
and ly from A and through each point pass a plane perpen- 
dicular to the line which contains the point. 

Draw the projections of the triangular pyramid formed by the 
intersection of the three planes with each other and with H. 
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Use a horizontal plane 3" above H for finding a second line 
in each face. 

62. Find the projections of three spheres, each tangent to 
the other two and having the following radii: lY\ 2^\2Y^' 
Construct the projections of a fourth sphere with radius V^ 
which will be tangent to the other three. 

The plane of the centers of any three spheres is not to be par- 
allel or perpendicular to either H or V. 

63. Draw the projections of a tetrahedron two edges of which 
are 3", two 4'"' and two 5^\ No edge is to be parallel to either 
HorV. 

64. Draw the projections of a tetrahedron the sides of whose 
base are 3^''^, 3^^ and 4" and the planes of the faces make angles 
of 45"", 60° and 75° with the plane of the base. No two of the 
corners are to be the same distance from H. 

65. Given an acute angled triangle on H. Find a point in 
space which joined with the vertices of the triangle will form a 
tri- rectangular tetrahedron. 

66. Draw the projections of an equilateral triangle having 
given both projections of one side and the direction of the hori- 
zontal projection of one of the other sides. 

67. Draw the projections of a 3" cube having given the direc- 
tions of the horizontal projections of three concurrent edges. 

68. Having given the horizontal projections of two adjacent 
edges of a cube and the vertical projections of the corner in which 
these edges meet, to draw the projections of the cube. 

69. Having giving the two projections ab and a'b' of one edge 
of a cube and the direction ac of the horizontal projection of an- 
other edge. Draw the projections of the cube. 

70. Having given the directions of the projections of three 
concurrent edges of a parallelopiped and their lengths, construct 
the projections of the parallelopiped. 

71. Having given the directions of the projections of three 
concurrent edges of a parallelopiped, also the direction and 
length of the diagonal through the same corner, construct the 
projections of the parallelopiped. 
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72. Draw the projections of a rectangular parallelopiped, hav- 
ing giving one corner (a, a'), the horizontal projection ab of one 
edge, and the directions ac and ad of the horizontal projections 
of two other edges. 

73. Given two lines A and B in space which do not intersect. 
Draw a third line which makes 30° with A and 45° with B and 
intersects them both. 

74. Construct the traces of a plane which passes through a 
given point and which makes given angles with the planes of 
projection. Between what limits may the sum of these angles 
vary! 

75. Given a line which intersects the ground line. Find the 
traces of a plane which will contain the given line and in such a 
position that the given line bisects the angle between the traces. 

76. Draw the projections of a regular tetrahedron having given 
the projections (ab, a^'b'') of one edge and the direction (ac) of 
the horizontal projection of another edge. 

77. Given two points and P in the first angle. Find the 
projections of a ray of light which emanates from O and after 
being reflected from both H and V passes through P. 

78. Find the projections of a ray of light which emanates 
from a given point and is reflected from H, V and a profile plane. 
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CHAPTER III 
CURVED LINES AND SURFACES 



GENERATION AND CLASSIFICATION OF LINES 

66. A line is the path of a point moving according to some 
law. 

Lines are of two general classes : 

I. Straigrht Lines or Right Lines, in which a point moves 
always in the same direction. 

II. Curved Lines, in which a point moves so as to change its 
direction continually. 

Curved lines are of two kinds: 

I. Curves of Singrle Curvature or Plane Curves, in which 
all positions of the moving point lie in the same plane. Exam- 
ples, circle, ellipse. 

II. Curves of Double Curvature, in which all positions of 
the moving point do not lie in the same plane. Example, the 
edge of an ordinary screw thread. The line of intersection of 
two curved surfaces is usually of this form. 

OUTLINE 

' I Straight or Bight Lines 



Lines 



II Curved 

Lines 



I Curves of Single Cur- 
vature or Plane Curves 



II Curves of Double 
Curvature 



f Circle 
Ellipse 
Parabola 

. Hyperbola 

Helix 



PROJECTIONS OF CURVES 

67. The cylinder formed by the horizontal projecting lines 
(Art. 6) of the points of a curve is the horizontal projectlnsf 

[47] 
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Fig. 45 




Projections of a 
curve 



cylinder of the curve and its intersection with the horizontal 
plane is the horizontal projection of the 
curve. Likewise, the cylinder formed by the 
vertical projecting lines of the points of a 
curve is the vertical projecting^ cylinder of 
the curve and its intersection with the vertical 
plane is the vertical projection of the curve, 
Fig. 45. 

The two projections of a curve will, in 
general, determine its position in space, for 
the projecting cylinders intersect in the only 
curve which can have the given projections. 
If the plane of a curve of single curvature 
is perpendicular to the horizontal plane, the horizontal projec- 
tion of the curve will be a straight line. 

Likewise, if the plane of the curve is perpendicular to the ver- 
tical plane, the vertical projection will be a straight line. 

If the plane of the curve is perpendicular to the ground line, 
both projections will be straight lines perpendicular to the 
ground line and the curve will be undetermined. 

If the plane of the curve is parallel to the horizontal plane, 
the horizontal projection will be equal to the curve. 

Likewise, if the plane of the curve is parallel to the vertical 
plane, the vertical projection will be equal to the curve. 

The projections of a curve of double curvature are always 
curved lines. 

TANGENTS AND NORMALS TO LINES 



Fig, Jt6 



68. If in a secant line AB, Fig. 46, the point A be kept fixed 
and the point B moved along the curve 
until it coincides with A, the secant 
AB becomes a tangrent to the curve 
at the point A. 

Two curves are said to be tangent to 
each other at a point when they have a 
common tangfent at that point. 

If a straigrht line is tangrent to a 




Tangent to a curve 
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plane eurve, the tansrent will lie in the plane of the eurve. 

This is evident since the secant is in the plane of the curve, and 
as it moves about the point A it remains in this plane. 

Two straigrht lines tangrent to each other will coincide. 
In this case the secant of Fig. 46 coincides with the given line. 

69. If two lines are tang^ent to each other in space, 
their projections on the same plane will be tangrent. Let 
Fig. 46 represent a curve in space with its secant AB. Let 
these lines be projected upon any plane. Then the projections 
of the points A and B will approach each other as the points A 
and B in space approach each other. When the secant AB be- 
comes a tangent in space, the points A and B coincide and their 
projections will also coincide in the only point common to the 
projections of the straight line and curve. The projections 
of the lines are therefore tangent to each other at this com- 
mon point. 

70. Normals. If a line be drawn perpendicular to the tan- 
gent at the point of tangency, it is called a normal to the curve. 
There are an infinite number of normals to a curve at a point on 
the curve. However, the normal to a plane curve is understood 
to be the one lying in the plane of the curve unless otherwise 
stated. 

71. Rectification of curves. To rectify a curve means to 
find a straight line equal in length to the curve. This is accom- 
plished approximately by dividing the curve into a number of 
small arcs, so small that for all practical purposes the chords of 
these arcs may be taken as equal in length to the arcs them- 
selves. These small chords are then laid off one after another 
along a straight line. The part of the line thus covered is the 
rectified curve. 

CURVES OF SINGLE CURVATURE 

72. The simplest plane curves are the circle, ellipse, parabola 
and hyperbola. 

A Circle is the path of a point moving in a plane so that its 
distance from a given point is constant. 
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78. An ellipse is the path of a point moving in a plane so 
that the sum of its distances from two fixed points is constant. 

Construction. Let P and Pi, Pig. 47, be the two fixed points 
and let the sum of the distances from these points to any point 
on the curve be equal to the line AB. Select any point, as O, on 
the line AB. With P as center and AO as radius, strike an arc; 



Fig. 47 




Ellipse and tangents 

also with Pi as center and BO as radius, strike an arc cutting 
the first arc in the points P and Q. These are points on the 
curve since PP+PiP=AB and PQ+PiQ=AB. Selecting any 
other point on AB, as Oi, and going through the construction 
as before, two other points Pi and Qi are located. By continu- 
ing this process enough points can be located so that the curve 
can be drawn. 

The points P and Fi are the foci of the ellipse. AB is the 
major axis. The minor axis CD is perpendicular to the major 
axis at its middle point. The intersection of the axes is the 
center of the ellipse. Lines drawn from any point on the curve, 
as P, to the foci P and Pi are called focal radii. 

If the axes of an ellipse are given, the foci can be found by 
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taking one-half the major axis as a radius and with the end 
of the minor axis as a center, cut the major axis in two points 
which are the foci. 

To draw a tanfifent to tbe ellipse at a point on the curve. 
Let P, Fig. 47, be the point on the curve. Draw the focal radii 
PF and PFj. The line PT which bisects the angle FiPE is the 
required tangent. (Wood's Co-ordinate Geometry, Art. 108A.) 
This method applies to all conies. 

To draw a tangent to the ellipse from a point without 
the curve. Let S, Fig. 47, be the point without the curve. With 
Fi as center and AB as radius, strike an arc. With S as center 
and SF as radius, strike an arc cutting the first arc in the points 
M and N. PiM and FiN intersect the curve in the points of 
tangeney Ti and T2. ST^ and ST2 are the required tangents. 
(Wood's Co-ordinate Geometry, Art. 108B.) This method ap- 
plies to all conies. 

74. A parabola is the path of a point moving in a plane so 
that its distance from a given point is always equal to its dis- 
tance from a given straight line. 

Oonstruction, Let F, Fig. 48, be the fixed point and AB the 

given straight line. Draw a line 
CD from F perpendicular to AB. 
Through any point, as O, on CD, 
draw a line parallel with AB. 
With F as center and CO as radius 
strike an arc cutting this line in 
the two points P and Q. P and Q 
are points on the parabola, since 
FP and FQ are each equal to the 
distance of P and Q from AB. Se- 
lecting some other point on the axis 
and going through a similar con- 
struction, two other points of the 
curve are located. By continuing 
this process, enough points can be located so that the curve can 
be drawn. 



Fig. k8 




Parabola and tangents 
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The point F is the focus, the line AB the directrix and the 
line CD the axis of the parabola. 

To draw a tansfent to the parabola at a point on the 
curve. Let P, Pig. 48, be the point on the curve. Draw the 
focal radii FP and FiP. (To make this construction similar to 
that for the tangent to the ellipse, it is necessary to consider one 
focus of the parabola at an infinite distance on the axis.) The 
line PT which bisects the angle FPE is the required tangent. 

To draw a tangrent to the parabola from a point without 
the curve. Let S, Fig. 48, be the point without the curve. 
With S as center and SF as radius, strike an arc cutting the 
directrix in the points M and N. MFi and NFi, parallel with 
the axis CD of the parabola, cut the curve in the points of tan- 
gency Ti and T2. STi and ST2 are the required tangents. 

75. The hyperbola is the path of a point moving in a plane 
so that the difference of its distances from two fixed points is 
constant. 

Construction, Let F and Fi , Fig. 49, be the two fixed points 



Fig. 49 




Hyperbola and tangents 

and let the difference of the distances from these points to any 
point on the curve be equal to the line AB. Select any point, 
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as O, on the line AB extended. With P as center and AO as 
radius, strike an arc; also with Pi as center and BO as radius, 
strike an arc cutting the first arc in the points P and Q. These 
are pointson the curve since PP— PiP= AB and PQ— PiQ= AB. 
(If Pi be taken as center and AO as radius and P as center and 
BO as radius, the points located will be on the other branch of 
the hyperbola.) Selecting any other point on AB, as Oi, and 
going through the construction as before, two other points Pi 
and Qi are located. By continuing this process enough points 
can be located so that the curve can be drawn. 

The points P and Pi are the foci of the hyperbola. The 
point C, midway between the foci P and Pi, is the center of the 
curve. The line AB is the transverse axis. The line XY, 
perpendicular to AB at its middle point, is the indefinite con- 
jugrate axis of the curve. 

To draw a tang^ent to the hyperbola at a point on the 
curve. Let P, Pig. 49, be the point on the curve. Draw the 
focal radii PP and Pi P. The line PT which bisects the angle 
PiPP is the required tangent. 

To draw a tangrent to the hyperbola from a point with- 
out the curve. Let S, Pig. 49, be the point without the curve. 
With Pi as center and AB as radius, strike an arc. With S as 
center and SP as radius, strike an arc cutting the first arc in 
the points M and N. PiM and PiN intersect the curve in the 
points of tangency. STi is one of the tangents. The other 
point of tangency, where NPi intersects the curve, is without 
the limits of the drawing. 

CURVES OF DOUBLE CURVATURE 

76. An ordinary helix is the path of a point moving on the 
surface of a cylinder of revolution so as to intersect its elements 
at a constant acute angle. 

The axis of the cylinder is the axis of the helix. 

Construction, Let MN, Pig. 50, be the axis of the helix and 
P the generating point. 
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Suppose that for one complete turn around the axis the gener- 
ating point moves through a vertical distance m'n'. This dis- 
tance is the pitch of the helix. 

Since the curve is on the surface of a cyl- 
inder of revolution, its projection on a plane 
perpendicular to the axis will be the circle 
pcfg. 

To draw the vertical projection of the 
helix, divide the circle pcfg into any num 
ber of equal parts, as twelve, and m'n' in- 
to the same number of parts. Draw hori- 
zontal lines through the points of division 
of m''n'. Since the motions of the point 
around and along the axis are both uniform, 
the point in making one-twelfth of a com- 
plete turn around the axis will rise one- 
twelfth of the distance m'n''. a is the hori- 
zontal and a' the vertical projection of the 
point after making one- twelfth of a turn. 
In the same manner, the points b', c', d', 
etc., are found. The vertical projection of 
the curve is drawn through the vertical 
projections of these points. 
77. Since the curve cuts all the elements of the cylinder at the 
same angle, it is evident that the helix will become a straight 
line if the cylinder is opened along an element and the surface 
rolled out into a plane. From this position it is seen that 
the hypothenuse of a right triangle will form a helix if the alti- 
tude of the triangle coincides with an element of a right circular 
cylinder and the base of the triangle is wound around the base 
of the cylinder. 

To construct a tangrent to a helix at a point on the curve. 
Let E, Fig. 50, be the point at which the tangent is to be drawn. 
Let the triangle referred to in the above paragraph as being wound 
around the cylinder, be unrolled as far as the point of tangency 
E. The hypothenuse of the triangle in this position is tangent 




Helix and tangent 
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to the curve, since it touches the curve at the point E and makes 
the same angle with the horizontal plane as the curve. The base 
et of the triangle is the horizontal projection of the tangent, and 
is equal in length to the arc ep of the circle pcfg. Therefore, 
to get the projections of the tangent, draw its horizontal projec- 
tion et tangent to the circle pcfg at the point e. On this line lay 
off from e the true length of the arc ep of the circle. Art. 71. 
This will give the point t where the tangent pierces the horizon- 
tal plane. The vertical projection of this piercing point is at t' 
in the ground line, and this joined with e' gives the vertical pro- 
jection e't' of the tangent. 

GENERATION AND CLASSIFICATION OF SURFACES 

78. A surface is the path of a line moving according to some 
law. 

The moving line is the gfeneratrlx, and its different positions 
are the elements of the surface. 

Surfaces are of two general classes : 

I. Ruled surfaces, which can be generated by straight lines. 
Examples, cone, cylinder. 

II. Double curved surfaces, which can only be generated by 
curved lines. Example, sphere. 

Ruled surfaces are of three kinds : 

I. Plane surfaces. 

II. Singrle curved surfaces, which can be rolled into a plane 
without undergoing distortion. Examples, cylinder, cone. 

III. Warped surfaces, which cannot be rolled into a plane 
without undergoing distortion. Example, the surface of a screw 
thread. 

Single curved surfaces are of three kinds : 

I. Cylinders, in which the rectilinear elements are parallel. 

II. Cones, in which the rectilinear elements intersect in a 
point. 

III. Convolutes, in which the rectilinear elements are tangent 
to a curve of double curvature. Example, the surface having 
tangents to a helix for its elements. 
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Surfaces ^ 



I Ruled 



OUTLINE 

I Plane 



( Cylinders 
II Single curved -j Cones 

(. Convolutes 



in Warped 



Helicoid 

Hyperbolic Paraboloid 
Conoid 
Cylindroid 

Hyperboloid of Revolu- 
tion of one Sheet 



II Double curved 



Sphere 

Ellipsoid of Revolution 
Paraboloid of Revolution 
Hyperboloid of Revolution of 
two Sheets 



SURFACES OF REVOLUTION 

79. A surface of revolution is the path of a line revolving 
about a straight line as an axis. 

It is evident that the intersection of this surface with a plane 
perpendicular to the axis is a circle. 

A surface of revolution may be generated by a circle having 
its center moving along a straight line, its different positions 
in parallel planes and its radius changing according to a given 
law. 

The intersection of the surface with a plane containing the 
axis is a meridian line, and the plane is a meridian plane. 
All meridian lines of the same surface are identical. Any sur- 
face of revolution may be generated by revolving its meridian 
line about its axis. 
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OUTLINE 



Surfaces 
of Revolution 



Buled 



^ Single curved { ^\^l\ ^F^^j^ ^^^^^^^^ 
* ( Right circular cone 

Warned ( ^yperboloid of Revolution 
*^ ( of one Sheet 



Double curved 



■ Sphere 
Ellipsoid of Revolu- f Prolate 

tion 1 Oblate 

Paraboloid of Revolution 
Hyperboloid of Revolution of 

two Sheets 

80. K two surfaces of revolution have a common axis, what 
will be their line of intersection? 

What must be the relative position of the axis and generatrix 
to form a cylinder of revolution? A cone of revolution? 

The cylinder and the cone are the only single curved surfaces 
of revolution. 

The hyperboloid of revolution of one sheet is the only warped 
surface of revolution. 



TANGENT PLANES TO SURFACES. 
AND PLANES 



NORMAL LINES 



Fig. 51 



81. Let ADi and AD 2, Pig. 51, be any two intersecting curves 
on a surface, and BCD a curve which if moved along the curves 
ADi and AD 2 will generate the given surface. The curve 
BCD may vary in form as it moves. The 
secants AB, BC and AC lie in one plane. 
As the curve BCD moves toward A, the 
points of intersection B and C will travel 
along the curves ADi and AD 2 until the 
secants AB and AC become the tangents 
ABi and AC2 at the point A. The curve 
ADg is the position of the moving curve 

Timg^ plane to a ^^^ ^^^^ *^® P^^^*^ ^ ^^^ ^ ^^^^^ ^- ^^ 
iurface this position, the secant BC becomes the 
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tangent BaCs- The tangents ABi, AC 2 and BaCa all lie in one 
plane which is called the tangfent plane to the surface at the 
point A. The point A is the point of eontaet. 

Since ADj and AD 2 are any curves on the surface, it follows 
that, in general, the tangent at A to every curve of the surface 
through this point will lie in the tangent plane. Therefore, the 
tansrent plane will contain all straigrht lines tangfent to 
lines of the surface at the point of contact. 

If any plane be passed through the point of contact, it will cut 
a straight line from the tangent plane and a line from the sur- 
face, and these lines will be tangent to each other. 

Since two intersecting lines will determine a plane, it follows 
that a plane tangrent to a surface at a sfiven point is deter- 
mined by two straigrht lines tangrent at this point to two 
lines of the surface. 

In any ruled surface, the rectilinear element through the point 
of contact lies in the tangent plane ; for the rectilinear element 
and its tangent coincide (Art. 68). 

82. A tangrent plane to a singfle curved surface is tan- 
gent all along: a rectilinear element. In Fig. 52, let D be 
the curve of the base of a cylinder and AB and AiBi any two 
rectilinear elements of the surface. From 
Fig 62 any point A of one element draw on the sur 

face a curve Di which cuts the other ele- 
ment at Ai . The chords AAj and BBi lie 
in the same plane and will intersect at some 
point as Si. Now if the plane ABBiAi be 
revolved about AB as an axis, the point Ai 
will approach A along the curve Di , and Bi 
Tangent plane to will approach B along the curve D. When 
single curved surface the point Ai reaches A, the secant ASi be- 
comes the tangent AS to the curve Di, 
and at the same time Bi reaches B, the secant SiB be- 
coming the tangent SB to the curve D. |.The plane SAB 
is tangent to the cylinder at the point B (Art. 81), 
since it contains the tangent SB to the curve D, and also the 




3 
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rectilinear element AB. This plane is also tangent to the cylin- 
der at A, containing the tangent SA to the cnrve D, and the 
element AB. Since A was taken as any point on the element 
AB, the plane SAB must be tangent to the surface at every 
point of this element. 

The same demonstration applies to the tangent plane to a cone. 

In the case of the convolute, the element AiBi is a curve 
instead of a straight line. The curve will change its form as 
the secant plane is revolved, finally becoming a straight line co- 
inciding with the axis AB. Otherwise the demonstration given 
above also applies to the convolute. 

Since the plane is tangent all along the element, the intersec- 
tion of the tangent plane with the plane of the base will be a 
straight line tangent to the curve which represents the base 
(Art. 81). For example, if the base of a single curved surface 
is on H, the horizontal trace of the tangent plane will be tan- 
gent to the base. 

88. Tangrent planes to warped surfaees. Since warped 
surfaces have straight line elements, the tangent plane to the 
surface at any point will contain the rectilinear element through 
that point (Art. 81). If any curve of the surface be drawn 
through the point of contact, the straight line tangent to the 
curve at this point and the rectilinear element through the point 
will determine the tangent plane (Art. 81). 

If the warped surface is of such a form that there are two 
rectilinear elements through each point of the surface, then the 
tangent plane will be determined by the two elements through 
the point of contact. 

Although the tangent plane to a warped surface contains a 
rectilinear element of the surface, it is, in general, tangent at 
only one point of this element. The tangent plane usually in- 
tersects the surface. These principles will be better understood 
when the tangent planes to some of the surfaces are drawn. 

84. Tangrent planes to double curved surfaces. Through 
the point on the surface at which the tangent plane is to be 
passed, draw any two curves of the surface. The straight lines 
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tangent to these curves at their point of intersection will deter- 
mine the tangent plane. If care is taken to select simple curves 
on the surface in simple positions with reference to the planes 
of projection, the tangents to these can be easily drawn. 

In the case of a double curved surface of revolution, the 
simplest curves are usually the meridian curve and a circle which 
lies in a plane perpendicular to the axis of the surface. ' 

85. Normals. A straight line perpendicular to the tangent 
plane at the point of contact is a normal to the surface. 

Any plane containing a normal line is a normal plane to the 
surface. 

SINGLE CURVED SURFACES 

CYLINDERS 

86, A cylinder is the path of a straight line moving along a 
curve and remaining parallel to another straight line. 

The curve is the directrix and the moving line is the recti- 
linear greneratrix. 

The intersection of the cylinder with the horizontal plane is 
usually taken as the base. Any plane section may be considered 
to be the base. If this base has a center, the straight line 
through it parallel to the rectilinear elements is the axis of the 
cylinder. 

A Tight cylinder is one in which 
the rectilinear elements are perpen- 
dicular to the plane of the base. 

Any section taken perpendicular to 
the elements is a rig^ht section. 

If a cylinder is intersected by a 
plane parallel to the rectilinear gen- 
eratrix, it will cut rectilinear elements 
from the surface. 

87. To represent the surface. 
A cylinder is usually represented by 
the projections of its base and its ex- 
treme elements. 
Cylinder ^^ Fig. 53, aecg is the base and EP 



Fig. 53 
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the rectilinear generatrix. The extreme elements in the hori- 
zontal view are tangent to the base and parallel to the horizontal 
projection of the rectilinear generatrix. The extreme elements 
in the vertical view are drawn through the extreme points of 
the vertical projection of the base and parallel to the vertical 
projection of the rectilinear generatrix. 

Since the surface is indefinite in extent, it can be represented 
with the upper end broken off unless some definite portion of the 
Burface is taken for a particular purpose. 

88. To represent a rectilinear element of the surface. 
Through any point M of the base draw a straight line MN par- 
allel to the rectilinear generatrix; this will be an element of the 
surface. 

To represent a point of a surface. Locate a rectilinear 
element, as MN, and then take any point P of this element. 

89. To pass a plane througrh a given point and tangrent 
to a cylinder. 

The tangent plane to a cylinder is tangent all along a rectilinear 
element. 

The intersection of the tangent plane with the plane of the base 

is tangent to the base (Art. 82). 

Let the cylinder be given as in 
Fig. 54, and let P be the given 
point. 

Since the tangent plane must 
contain a rectilinear element of the 
cylinder, k straight line through 
P and parallel to the rectilinear 
elements will lie in the tangent 
plane and will pierce H in M, a 
point of the horizontal trace of 
this plane. A tangent to the base 
through M will be the horizontal 
trace of the required tangent plane. 
An element through the point of 
tangency of the horizontal trace 
will be the element of contact. 



Fig. 54 




Tangent plane to a cylinder 
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This element and the line through P parallel to it will determine 
the tangent plane. 

There can be as many tangent planes to the cylinder through 
the given point as there can be lines drawn tangent to the base 
of the cylinder through the point where the auxiliary line pierces 
the plane of the base. 

90. Problems. 

1. Through a given point without the surface, pass a plane 
tangent to a right circular cylinder. 

2. Pass a plane tangent to a cylinder at a given point on the 
surface. 

3. Pass a plane tangent to a cylinder and parallel to a given 
straight line. (A plane containing the given line and a line par- 
allel to the elements of the cylinder will be parallel to the re- 
quired tangent plane.) 

CONES 

91. A cone is the path of a straight line moving along a 
curve and passing through a fixed point. 

The curve is the directrix, the fixed point the vertex and 
the moving line the rectilinear g^eneratrix of the cone. 

The generatrix being indefinite in length, will generate two 
parts of the surface on the opposite sides of the vertex called 
the upper and lower sheets. 

The intersection of the cone with the horizontal plane is usu- 
ally taken as the base. Any plane section may be considered to 
be the base. 

A rigfht cone is one in which all the rectilinear elements make 
the same angle with a straight line through the vertex called the 
axis of the cone. 

Any plane passing through the vertex of a cone will cut recti- 
linear elements from the surface. 

92. To represent the surface. A cone is usually repre- 
sented by the projections of its base, vertex and extreme ele- 
ments. 
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Cone 



^^Q' ^^ In Fig. 55, aecg is the base and 

V the vertex of the cone. The ex- 
treme elements in the horizontal 
view are tangent to the base and 
pass through the horizontal pro- 
jection of the vertex. The extreme 
elements in the vertical view are 
drawn through the extreme points 
of the vertical projection of the 
base and through the vertical pro- 
jection of the vertex. 

93. To represent a reetilinear 
element of the surface. 

Through any point M of the 
base, draw a straight line through 
the vertex V; this will be an element of the surface. 

To represent a point of the surface. Locate a rectilinear 
element, as MV, and take any point P of this element. 

94. To pass a plane througfh a griven point and tangrent 
to a cone. 

The tangent plane to a cone is tangent all along a retilinear 
element. 

The intersection of the tangent plane with the plane of the base 

is tangent to the base (Art 82). 
Let the cone be given as in 
Fig. 56, and let P be the given 
point. 

Since the required plane must 
contain a rectilinear element of 
the cone, and therefore the ver- 
tex, a straight line joining the 
vertex with the given point P 
will lie in the tangent plane and 
pierce H at M, a point of the 
horizontal trace of this plane. 
Tangent plane to a cone A tangent to the base through 



Fig. 56 
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this point will be the horizontal trace of the required tangent 
plane. An element through the point of tangency will be the 
element of contact. This element and the horizontal trace will 
determine the tangent plane. 

If more than one tangent to the base is possible, there will be 
more than one solution to the problem. 

95. Problems. 

1. Pass a plane tangent to a cone of revolution through a 
point without the surface. 

2. Pass a plane tangent to a cone through a given point on 
the surface. 

3. Pass a plane tangent to a cone and parallel to a given 
straight line. (A line through the vertex parallel to the given 
line will lie in the required tangent plane.) 

CONVOLUTES 

96. A convolute is the path of a straight line moving along 
and remaining tangent to a curve of double curvature such as 
the helix. The surface is represented by drawing the projec- 
tions of the curvilinear directrix, an occasional element and the 
intersection of the surface with the horizontal plane. If the 
curvilinear directrix is a helix with axis perpendicular to the 
horizontal plane, the base of the surface will be the involute of 
the circle which represents the horizontal projection of the helix. 

This surface is of very little practical importance, so no fur- 
ther discussion of it will be given. For a complete discussion 
of it, see Salmon^ s Geometry of Three Dimensions, Art. 349. 

WARPED SURFACES 

97. There is a great variety of warped surfaces, differing 
from each other in their mode of generation and properties. 
Only a few of the more common ones will be discussed. 

There are several kinds of warped surfaces formed by moving 
a straight line to touch two other lines, straight or curved, and 
remaining parallel to a given plane, called a plane director. 
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Warped surfaces are usually represented by drawing the pro- 
jections of one or more curves of the surface and a few of the 
rectilinear elements. The projections of the directrices are often 
given. 

HELIGOIDS 

98. An ordinary helicoid is the path of a straight line mov- 
ing along a helix and its axis, and remaining at a given angle 
with the axis. 

The axis of the helix is the axis of the surface. 

Fig. 57 




Helicoid and tangent plane 

In Fig. 67, MK is the axis perpendicular to the horizontal 
plane, and CE is the generating line in the initial position par- 
allel to the vertical plane. The point C will generate the helix 
CRP which must first be constructed (Art. 76) . 

To represent a rectilinear element of the surface. Con- 
nect any point R of the helix with a point K on the axis, mak- 
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ing EK equal to the distance of the point R above the horizontal 
plane. Hence in the vertical projection, e'k' is equal to r'x 
Then r'k' is the vertical and rk the horizontal projection of a 
rectilinear element. 

To represent a point of the surface. Locate a rectilinear 
element, as RK, and take any point of this element as P. 

To find the base of the surface in the horizontal plane, pro- 
duce the rectilinear elements until they cut this plane. In Fig. 
57, cqu is the base of the surface. 

When the generatrix is perpendicular to the axis, the surface 
is a right helieoid, as in the square screw thread. When the 
generatrix is at an acute angle with the axis, the surface is an 
oblique helicoid, as in the triangular screw thread. 

99. To pass a plane tangrent to a helieoid at a point on 
the surface. 

Let the surface be given as in Pig. 57 and let P be the given 
point represented as in Art. 98. 

Analysis. Construct a helix passing through the point P and 
lying on the surface of the helicoid. The tangent to the helix 
at the point P and the rectilinear element of the surface through 
this point will determine the tangent plane. 

Construction. The helix through the point P is constructed 
by the method of Art. 76. The pitch of this helix must be the 
same as the pitch of the helix CRP which represents the helicoid. 
The arc op is the horizontal projection of part of this helix. 
The straight line poi is made equal to the arc po and Oi' is lo- 
cated , it being the same distance above the ground line as o' . Then 
ab and a'b' are the projections of the tangent to the helix at the 
point P (Art. 77). qd and q'd' are the projections of the ele- 
ment of the helicoid passing through P (Art. 98). The plane 
T, determined by the two lines AB and QD, is the required tan- 
gent plane. 

HYPERBOLOIDS OF REVOLUTION OP ONE SHEET 

100. An hyperboloid of revolution of one sheet is the path 
of a straight line revolving about another straight line as an 
axis, the generatrix and axis not being in the same plane. 



Digitized by VjOOQ IC 



WARPED SURFACES 



67 



From the nature of the motion it is evident that no two posi- • 
tions of the generatrix can be brought into one plane without 
distortion, therefore the surface is warped (Art. 78). 

This is the only warped surface of revolution. 

101. To represent the surface. In Pig. 58, MN is the axis 
and OP the initial position of the generatrix. Each point of 
the generatrix OP describes a horizontal circle. The point R, 

nearest the axis, describes a 
*^* circle of radius nr, called the 

eirele of the gorge. The 
point O describes a circle on 
the horizontal plane usually 
considered the base of the sur- 
face. The base and horizontal 
projection of the circle of the 
gorge form the horizontal 
view of the surface. 

The vertical view will be 
formed by the vertical pro- 
jection of the meridian sec- 
tion parallel to the vertical 
plane. To find this view, 
take any point A on the gen- 
eratrix OP and revolve it about 
MN as an axis until it comes 
into the meridian plane T at the point A^\ The V projection, 
a'", of the point in this position is a point in the vertical view 
of the surface. In the same way any number of points can be 
found and the vertical view determined. 

102. In each position of the generatrix OP there is a radius 
of the circle of the gorge perpendicular to it. Since the radius 
is parallel to H, its H projection will be perpendicular to the H 
projection of the generatrix. Hence the horizontal projections 
of the elements of the surface are tangent to the horizontal pro- 
jection of the circle of the gorge. 

Therefore, to represent an element of the surface, draw 




Hyperholoid of revolution 
of one sheet 
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its horizontal projection cd tangent to the horizontal projection 
of the circle of the gorge. The vertical projection of C is cf and 
of the point of tangency B is e''. Hence c'e'd' is the vertical 
projection of the element. 

To represent a point of the surface. Locate an element 
and then take a point of this element. 

103. In Pig. 58, draw a line XY through the point R parallel 
to V and making the same angle with H as the generatrix OP. 
For each point of XY there is a corresponding point of OP which 
is the same distance from H and also from MN. As OP and XY 
revolve about MN as an axis, these two points will generate the 
same circle and the two lines will therefore generate the same 
surface. Hence it is evident that througfh every point of the 
surface two rectilinear elements can be drawn. 

104. To pass a plane tangfent to a hyperboloid of revo- 
lution of one sheet at a point of the surface. 

Let P, Fig. 59, be the given point (Art. 102). 

The rectilinear elements through the point of contact coincide 



Fig, 59 




Tangent plane to hyperboloid 
of revolution of one sheet 



with their tangents (Art. 68), and 
therefore determine the tangent 
plane to the surface at that point. 
Construction. Through P draw 
the rectilinear elements PM and 
PO (Art. 102). These elements 
pierce H at m and o respectively, 
two points which fix the horizontal 
trace of the required tangent plane. 
A line BA through any point B of 
the element PM and parallel to the 
horizontal trace tt, will pierce V in 
a point A of the vertical trace. The 
element P O pierces V at C. Join- 
ing C and A gives the vertical trace 
t't' of the required plane. Since 
the horizontal trace tt intersects the 
base, it is evident that the tang^ent 
plane is also an intersecting^ 
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plane. The plane T is only tangent to the surface at P since a 
rectilinear element through any other point of the element OP, 
as X, will pierce H at y, and therefore will not lie in the plane 
T. Hence a tangfent plane to a warped surface will contain 
a rectilinear element of the surface and will be tangfent 
to the surface at but one point of that element. 

HYPERBOLIC PARABOLOIDS 

105. An hjrperbolic paraboloid is the path of a straight line 
moving along any two straight lines not in the same plane, and 
remaining parallel to a given plane. 

The moving line is called the gfeneratrix, the two fixed 
straight lines the directrices and the given plane the plane 
director. Any position of the generatrix is called an element 
of the surface. 

This surface has a second rectilinear generation in which any 
two rectilinear elements of the first generation may be taken as 
directrices with a plane directer parallel to the first directrices. 
It follows that througfh any point of a hyperbolic paraboloid, 
two rectilinear elements can always be drawn. 

The intersection of the surface by a plane is an hyperbola or a 
parabola, hence its name. 

It is evident from the nature of the motion of the generating 
line that the surface is warped. 

To represent the surface. An hyperbolic paraboloid is usu- 
ally represented by projecting the apparent contour, the two 
rectilinear directrices and two rectilinear elements. 

To represent a rectilinear element of the surface. Let 
AB and CD, Pig. 60, be the rectilinear directrices and let V be 
the plane directer. Through any point M on the directrix AB, 
draw MN parallel to the plane directer V and intersecting the 
other directrix CD at N. mn will be the horizontal and m' n' 
the vertical projection of a rectilinear element of the surface. 

To represent a point of the surface. Represent a recti- 
linear element, as MN, Fig. 60, then take any point of this 



Digitized by VjOOQ IC 



70 



DESCRIPTIVE GEOMETRY 



element, as P. p and p' will be the projections of the required 
point. 

106. To pass a plane tangrent to the surface at a given 
point of the surface. 

Let O, Fig. 60, be the given point. 

Analysis. Through the given point pass a plane parallel to 
the elements of each generation. These planes will intersect 




Tangent plane to hyperbolic paraboloid 

the surface in the two rectilinear elements which determine the 
tangent plane. 

Construction. The plane through O parallel to the elements 
of the first generation will cut the element V W from the surface. 
Through O draw OG parallel to CD and OU parallel to AB. 
These lines will determine a plane parallel to the elements of the 
second generation. This plane will intersect the element XY in 
Z. The line joining Z with O will be an element of the second 
generation. OW and OZ will therefore determine the required 
tangent plane T. 
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107. A conoid is the path of a straight line moving along 
two other lines, one straight and the other curved, and remain- 
ing parallel to a given plane. 

To represent the surface. A conoid is usually represented 
by projecting the directrices and the rectilinear elements of ap- 
parent contour. 

To represent a rectilinear element of the surface. Let 
the circle ABCD, Pig. 61, and the straight line MN, be the given 

directrices and let V be the 
plane directer. Through any 
point E on the curved directrix 
draw EM parallel to the plane 
directer V and intersecting the 
rectilinear directrix at M. em 
will be the horizontal and e'm' 
the vertical projection of a rec- 
tilinear element of the surface. 
To represent a point of the 
surface. Represent a rectilin- 
ear element, as EM, Fig. 61, 
and then take any point of this 
element, as 0. o and o' will be 
the projections of a point of the 
surface. 

108. To pass a plane tan- 
geni to the surface at a g'iven 
point of the surface. Let O, 
Fig. 61, be the given point. The 
tangent plane must contain the rectilinear element EM 
through the given point. It must also contain the line OP tan- 
gent to the elliptical section at the same point. EM and OP will 
therefore determine the required tangent plane T. 




Tangent plane to conoid 
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1. Represent a point on the surface of a sphere. 

2. Represent a point on the sarface of a prolate ellipsoid. 

3. Represent a point on the sarface of an oblate ellipsoid. 

4. Represent a point on the surface of a paraboloid of revolu- 
tion. 

113. Tangent planes to double curved surfaces of revo- 
lution. The tangent plane to a surface at a point on the surface 
is determined by two straight lines tangent at this point to two 
lines of the surface. The simplest curves passing through the 
point on a surface of revolution are usually the meridian line 
and the circle which is* cut out by a plane perpendicular to the 
axis of the surface. The tangent plane, therefore, is determined 
by two straight lines, one tangent to the circular section at the 
given point and the other tangent to the meridian section at that 
point. 

114. To pass a plane tangfent to an ellipsoid of revolu- 
tion at a point on the surface. 

Let the surface be given as in Pig. 63, and let P be the given 
point represented by the method of Art. 111. 

Analysis. A tangent to the meridian 
curve at the given point and a tangent 
to the circle at this point will determine 
the tangent plane (Art. 113). 

Construction, prx is the horizontal 
and r'x' the vertical projection of the 
circle of the surface through the given 
point P. pm is the horizontal projection 
and p^'m' the vertical projection of the 
tangent to the circle at the point P. The 
plane of the meridian section through P 
has ap. for its horizontal trace. If the 
meridian curve through P is revolved 
about the axis of the surface until the 
plane of the curve becomes parallel to V, 
it will have the ellipse r'x'y' for its ver- 
tical projection, P moving to X. At x' 
draw x' a' tangent to the ellipse x'r'y'. 



Fig. 63 




Tangent plane to ellipsoid 
of revoliUion 
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It will be the vertical projection of the revolved position of the 
tangent to the meridian section at P. In the counter revolution 
of the meridian plane, X moves to P and the point A, in the 
axis, remains fixed. Then ap will be the horizontal and a'p' the 
vertical projection of the tangent to the meridian curve at P. 
This tangent pierces H at b, one point of the horizontal trace of 
the required plane. The taligent PM is parallel to H and 
pierces V at m' . Through b, draw tT parallel to pm and through 
m' draw t'T; then T is the required plane tangent to the sur- 
face at P. 

115, Problems. Fig. 64 

1. Pass a plane tan- [^ 
gent to a sphere at a 
point of the surface. 

2. Pass a plane tan- 
gent to an oblate ellip- 
soid at a point of the 
surface. 

3. Pass a plane tan- 
gent to a paraboloid of 
revolution at a point of 
the surface. 

11 6. To pass a plane 
throusrh a given 
straight line and tan- 
gent to a sphere. 

Let MN. Fig. 64, be 
the given straight line 
and C the center of the 
given sphere. 

Analysis. Assume that 
the required plane is 
drawn through the given 
line and tangent to the 
sphere. Now if an aux- 
iliary plane be passed 




Plcme 8 contains line MN and is tangent 
to sphere C 
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through the center of the sphere and perpendicular to the line 
MN, it will cut a point from MN, a great circle from the sphere 
and a line from the tangent plane which will pass through 
the point on MN and be tangent to the great circle cut from 
the sphere. Therefore, to make the construction for the tan- 
gent plane, pass a plane through the center of the sphere and 
perpendicular to the line MN. From the point where thic plane 
cuts MN, draw a tangent to the great circle it cuts from the 
sphere. This tangent and the line MN will determine the re- 
quired tangent plane. 

Construction, tT and t'T are the traces of the plane which 
passes through C and is perpendicular to MN (Art. 57). MN 
pierces this plane at O. When the plane T is revolved into H 
about tT as an axis, O moves to o^' and C to e^\ o''p is the re- 
volved position of the tangent to the great circle cut from the 
sphere, op and o'p' are the projections of this tangent after 
the counter revolution of the plane T. The plane S, which con- 
tains the lines MN and OP, is the required tangent plane to the 
sphere. 

There are usually two planes which will contain a given straight 
line and be tangent to a sphere. The other plane is determined 
by MN and the other tangent to the great circle from the point O. 
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1. To a given oblique cone with base on H, pass a tangent 
plane which makes a given angle with H. 

2. To a given oblique cone with base on V, pass a tangent 
plane which makes a given angle with V. 

3. To a given oblique cylinder with base on H, pass a tangent 
plane which makes a given angle with H. 

4. To a given oblique cylinder with base on V, pass a tangent 
plane which makes a given angle with V. 

5. Find a plane which contains the ground line and is tangent 
to a given sphere. Find the angles which the plane makes with 
the planes of projection. 

6. Pass a plane tangent to a sphere and parallel to a given 
plane. 

7. Inscribe a sphere in a given tetrahedron. 

8. Through a given straight line, pass a plane tangent to an 
ellipsoid of revolution. 

9. Pass a plane tangent to an ellipsoid and parallel to a given 
plane. 

10. Having given the axis of a cylinder of revolution and a 
tangent plane, draw the projections of the element of contact. 
(The tangent plane must be parallel to the axis.) 

11. Through a given point, pass a plane tangent to a cylinder 
of revolution, having given the axis and radius of the cylinder. 

12. Having given the radius and the axis of a cylinder of rev- 
olution, to pass a plane tangent to the cylinder and parallel to a 
given straight line without finding the projections of the cyl- 
inder. 

13. A cone of revolution is given by its axis and the angle 
which the elements make with the axis. Pass a plane tangent 
to the cone through a given point. 

14. A cone of revolution is given by its axis and the angle 
which the elements make with the axis. Pass a plane tangent 
to the cone and parallel to a given straight line. 
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15. A circle which lies in a plane parallel with H is the base 
of a cone. The vertex of the cone is in 6. L. Through some 
other point on G. L., pass a plane tangent to the cone. Show 
the angles which the plane makes with the planes of projection. 

16. Find a common normal to two cylinders of revolution. 

17. To two given cylinders, pass tangent planes which are par- 
allel to each other. 

18. To a given cone and cylinder, pass tangent planes which 
are parallel to each other. 

19. Two cones with their bases on H have the same altitude. 
Pass a plane tangent to each so that the planes will be parallel. 

20. Through a given point, pass a plane tangent to two given 
spheres. 

21. Pass a plane tangent to two given spheres and parallel to 
a given straight line. 

22. Pass a plane tangent to three given spheres. 

23. Through a given point, pass a plane which is equidistant 
from three given spheres. 

24. Through a given straight line, pass a plane which is equi- 
distant from two given spheres. 

25. Pass a plane which is equidistant from four given spheres. 

26. Find a common tangent plane to a sphere and a cylinder 
of revolution. 

27. Find a common tangent plane to a sphere and a cone of 
revolution. 

28. Having given the traces of a plane which contains an 
element of a hyperboloid of revolution of one sheet, to determine 
its point of tangency with the surface. 
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CHAPTER IV 

PLANE SECTIONS AND DEVELOPMENTS OF 

SURFACES 

117. To find the intersection of a surface by a plane. 
Pass a system of auxiliary planes through the surface. Each '^f 
these planes will cut a line from the surface and a straight line 
from the given plane which will intersect in a point of the re- 
quired line of intersection. The auxiliary planes should be 
taken so as to cut the simplest lines from the surface, straight 
lines or circles if possible. 

If the intersection is a broken line, find the points where it 
changes direction. If it is a curved line, the points where it is 
tangent to the extreme elements of the surface and enough other 
points to determine the curve should be found. 

By the development of a surface is meant a plane area equal 
to that of the surface, and of such a form that it can be rolled 
up again into the shape of the surface. The development is 
formed by rolling the surface upon a tangent plane until each 
element of the surface in turn comes into the plane. 

118. To find the intersection of a right hexagonal prism 
by a plane and to develop the surface of the prism. 

Let the plane and prism be given as in Fig. 65. 

Fig. 65 




Plane section and development of right prism 
[79] 
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Analysis. Pass the system of auxiliary planes through the 
lateral edges of the prism. These planes will cut lines from the 
given plane which will cross the edges of the prism in points of 
the required line of intersection. 

Following the above analysis, the intersection ABCDEF, Fig. 
65, is found. 

To develop the surface of the prism showing its line of 
intersection with the plane T. If one of the lateral faces of 
the prism be placed against a plane and then the prism be re- 
volved about an edge of this face until the next face comes into 
this plane, and the process be repeated until each face in turn is 
brought into the plane, the part of the plane covered by the differ- 
ent faces of the prism will be the development of the prism. In 
Fig. 65, aibi=ab, biCi=bc, etc. To get the line of intersec- 
tion on the development, lay off aia/ equal to the distance of a' 
above the ground line, bibi' equal to b^ from the ground line, 
etc., and join these points by straight lines. 

Note. All the problems in plane sections of prisms and 
pyramids can be multiplied by changing the number of lateral 
faces of the surface. 

119. To find the intersection of a right circular cylinder 
by a plane and to develop the surface of the cylinder. 

Analysis, Intersect the cylinder and the plane by a system of 
auxiliary planes containing the rectilinear elements of the cylin- 
der. These planes cut elements from the cylinder and straight 
lines from the given plane. The intersections of these straight 
lines and elements are points on the required curve of intersec- 
tion. 

Let the construction be made in accordance with the above 
analysis. 

To draw a tangent to the curve of intersection at any 
point. Select the point at which the tangent is to be drawn and 
then pass a plane tangent to the cylinder at this point (Art. 89) . 
The intersection of this plane with the cutting plane is the 
required tangent (Art. 81). 

To develop the surface of the part of the cylinder included 
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between the gfiven plane and H. Let a regular prism be in- 
scribed in the cylinder. Now let the number of faces of the 
prism increase, always keeping the new prisms inscribed in the 
cylinder, until a chord which is a side of the base of the prism is 
equal approximately to the arc which it subtends. Then develop 
this new prism by the method of Art. 118; joining the upper 
ends of the elements by a smooth curve in the place of straight 
lines. This gives the required development of the cylinder. 

120. To find the Intersection of an oblique hexagonal 
prism by a plane perpendicular to the lateral edgfes, and 
to develop the lateral surface of the prism. 

Let the prism and plane be given as in Fig. 66. 

Fig. 66 




Flam section and development of oblique prism 

By passing the auxiliary planes through the lateral edges of 
the prism and perpendicular to H, the intersection ABCDEP is 
found. 
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To develop the lateral surface of the prism. Since the 
section plane is perpendicular to the edges of the prism, it is 
evident that the line of intersection will be a straight line in the 
development. The true size of the section is a'^ V q!\ etc. This 
is found by revolving it into the horizontal plane about t T as 
an axis. In the development lay oflf a2 b2 = t!^ V^ ba Ca == V^ c'^ 
etc., along the straight line aa aa. On a line perpendicular to 
a2 a2 at the point aa, lay off below the line the distance from A 
along the edge to the lower base of the prism and along the 
same line lay off above aa aa the distance from A to the upper 
base of the prism. The length of this edge is found by revolv- 
ing it into the horizontal plane. In a similar manner, lay off 
at the point b2 the distance along the edge from B to the lower 
base below the line as aa, and the distance from B to the upper 
base above aa a2. In this way all the points in both bases of 
the prism are located in the development. Straight lines joining 
in order the points in the development of the lower base and 
also in the same way those of the upper base complete the devel- 
opment of the prism. 

121. To find the intersection of an oblique eylinder by 
a plane and to develop the surface of the cylinder. 

Let the plane be taken perpendicular to the elements of the 
cylinder. This is not necessary in order to get the intersection 
but it is necessary for the development. 

Analysis. Cut the cylinder and plane by a system of auxiliary 
planes parallel with the elements of the cylinder and perpendic- 
ular to H. The elements cut from the cylinder will intersect 
the lines cut from the plane in points of the required curve of 
intersection. 

Let the construction be made in accordance with the above 
analysis. 

To draw a tangent to the curve of intersection at a given 
point. Select the point at which the tangent is to be drawn. 
The intersection of a tangent plane to the surface at this point 
with the plane of the section is the required tangent. 

To develop the suface of the cylinder. Let an oblique 
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prism be inscribed in the cylinder. Increase the nnmber of 
faces of the prism, always keeping the new prism inscribed in 
the cylinder, until a chord which is a side of the base of the 
prism is equal approximately to the arc which it subtends. 
Then develop the prism as in the preceding article, joining the 
ends of the elements with smooth curves in the place of straight 
lines. This gives the required development. The plane section 
will develop into a straight line while the base of the cylinder 
will become a curve. 

122. To find the intersection of a regrular hexagonal 
pyramid by a plane and to develop the lateral surface of 
the pyramid. 

Let the plane and pyramid be given as in Pig. 67. 

Fig, 67 




Plane sectiop. and development of right pyramid 

By passing the auxiliary planes through the lateral edges of 
the pyramid, the intersection ABCDEF is found. 

To develop the lateral surface of the pyramid. If the 
face VXY of the pyramid be placed against a plane and the 
pyramid rolled over about VY as an axis until the face VYZ 
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comes into the plane, and then the pyramid rolled again about 
VZ as an axis until the next face comes into the plane, etc., the 
part of the plane thus covered is the development of the pyra- 
mid. To construct the development, strike an arc with the true 
length of VX as a radius. Apply the distance XY six times as 
a chord to this arc and join these points with each other and also 
with the center of the arc. This completes the development of 
the pyramid. 

The line of intersection of the pyramid with the plane can 
be laid off on the development by laying off on each edge in suc- 
cession the true length of VA, VB, etc. and joining these points 
by straight lines. 

123. To find the intersection of a rigfht circular cone by 
a plane and to develop the surface of the cone. 

Analysis, Cut the cone and plane by a sj^stem of planes 
through the elements of the cone and perpendicular to H. The 
elements cut from the cone will intersect the lines cut from the 
plane In points of the required curve of intersection. 

Let the construction be made in accordance with the above 
analysis. 

To draw a tangfent to the curve of intersection at a given 
point. Select the point at which the tangent is to be drawn. 
The intersection of the tangent plane to the cone at this point 
with the plane of the section is the required tangent. 

To develop the surface of the cone. Let a regular pyra- 
mid be inscribed in the cone. Then increase the number of 
faces of the pyramid, always keeping the new pyramid inscribed 
in the cone, until a chord which is a side of the base of the pyra- 
mid is equal approximately to the arc which it subtends. Then 
develop the pyramid as in the preceding article, joining the 
ends of the elements with a smooth curve in the place of straight 
lines. This gives the required development. 

The line of intersection of the cone by the plane is laid off on 
the development in the same way that it is on the development 
of the pyramid, Art. 122. The points should be joined with a 
curve in the place of straight lines. 
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Fig. 70 



Fig. 68 



Fig. 69 




Elli2>?e 



Parabola 
Conic 8ection8 



Hyperbola 



124. Plane sections of a rigrht circular cone. 

Let the cone be given as in Figs. 68, 69 and 70, E being the 
angle which the elements of the cone make with the axis. 

Circle. When the plane of the section is perpendicular to 
the axis of the cone, the section is a circle. 

Ellipse. When the angle D, Pig. 68, which the plane of the 
section makes with the axis of the cone, is less than 90^ and 
greater than E, the section is an ellipse. 

Parabola. When the angle D, Pig. 69, which the plane of 
the section makes with the axis of the cone, is equal to E, the 
section is a parabola. 

Hyperbola. When the angle D, Pig. 70, which the plane of 
the section makes with the axis of the cone, is less than E, the 
section is the hyperbola. 

When the plane passes through the vertex, it will cut straight 
line elements from the cone providing it cuts the cone in any 
point besides the vertex. 
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125. To find the interseetion of an oblique hexagonal 
pyramid by a plane and to develop the lateral surface of 
the pyramid. 

Let the plane and pyramid be given as in Fig. 71. 

By passing the auxiliary planes through the lateral edges of 
the pyramid, the intersection ABCDEF is found. 

To develop the lateral surface of the pyramid. If the 
face VXY of the pyramid be placed against a plane and the 
pyramid rolled over about VY as an axis until the face VYZ 
comes into the plane and then the pyramid rolled again about 
VZ as an axis until the next face comes into the plane, etc., the 
part of the plane thus covered is the development of the pyramid. 
Hence the development is found by constructing a series of six 
triangles, having given the lengths of the sides of each triangle. 
The first triangle is formed of the sides VX, VY and XY; the 
second of the sides VY, VZ and YZ, etc. 

The line of intersection of the pyramid with the plane T can 
be laid oflE on the development by laying off on each edge in suc- 

Fig. 71 




Plane section and development of oblique pyramid 



cession the true lengths of VA, VB, etc. 
points by straight lines. 



and joining these 
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126. To find the intersection of an oblique eone by a 
plane and to develop the surface of the cone. 

Analysis. Cut the cone and plane by a system of planes 
through the vertex of the cone and perpendicular to H. The 
elements cut from the cone will intersect the lines cut from the 
plane in points of the required curve of intersection. 

Let the construction be made in accordance with the above 
analysis. 

To draw a tangfent to the curve of intersection at a 
gfiven point. The intersection of a tangent plane to the cone 
at this point with the plane of the section is the required tangent. 

To develop the surface of the cone. Let an oblique pyra- 
mid be inscribed in the cone. Then increase the number of faces 
of the pyramid, always keeping the new pyramid inscribed in 
the cone, until a chord which is a side of the base of the pyramid 
is equal approximately to the arc which it subtends, and then de- 
velop the pyramid as in Art. 125; joining the ends of the ele- 
ments with a smooth curve in the place of straight lines. This 
gives the required development. 

The line of intersection of the cone by the plane is laid off on 
the development in the same way that it is on the development 
of the pyramid, Art. 125. The points should be joined with a 
curve in the place of straight lines. 

127. To find the intersection of a warped surface by a 
plane. 

Analysis. A system of planes cutting straight line elements 
from the surface will cut lines from the section plane. The in- 
tersections of these elements and lines will be points of the re- 
quired curve of intersection. In case the surface has a plane 
directer, the auxiliary planes should be parallel with it. 

128. To find the intersection of any surface of revolu- 
tion by a plane. 

Let the plane and sphere be given as in Fig. 72, 
Analysis. Cut the surface and plane by a system of auxiliary 
planes to perpendicular the axis of the surface. The auxiliary 
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-^*^- ^^ planes will cut circles from 

the surface which will inter- 
sect the lines cut from the 
given plane in points of the 
required curve of intersection. 
Construction. Since the 
method is the same for all 
surfaces of revolution, let the 
construction be made for the 
sphere as given in Fig. 72. 
The planes whose vertical 
traces are ti'ti', ta' t2', etc., 
are parallel with H and cut 
lines from the plane S which 
Plane section of a surface of revoMion ^^^ parallel to the horizontal 

trace sS, and intersect the 
circles cut from the sphere in the points Ai, Bi; A2, B2; etc., 
points of the required curve of intersection. By continuing in 
this manner enough points can be found to determine both pro- 
jections of the curve of intersection. 

To determine particular points of the curve of intersec- 
tion. To find the points where the curve of intersection touches 
the great circle which represents the vertical projection of the 
sphere, use an auxiliary plane Ta through the center of the 
sphere and parallel to V. To find where the curve touches the 
great circle which represents the horizontal projection of the 
sphere use an auxiliary plane T4 through the center of the 
sphere, and parallel to H. To find the highest and lowest points 
on the curve of intersection, use a plane Si through the center 
of the sphere and perpendicular to the horizontal trace of the 
plane S. Revolve the plane Si about an axis perpendicular to 
H through the center of the sphere until it is parallel to V. The 
revolved position of the line of intersection of the planes S and 
Si is shown in the figure, the point on the axis remaining fixed 
during the revolution. This line will intersect the vertical pro- 
jection of the sphere in the highest and lowest points revolved. 
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By the counter revolution of the plane Si, the required points 
M and N are found. To find the major axis of the ellipse in each 
view: first find the center O of the circle cut out and then pass 
planes through this center parallel to H or V. The figure shows 
the construction for these axes. The minor axis is perpendicu- 
lar to the major axis at its middle point. The method of find- 
ing the major axis does not apply to all surfaces of revolution. 
To draw atangfent to the curve of intersection at a given 
point. Select the point at which the tangent is to be drawn. 
The intersection of the tangent plane to the sphere at this point 
with the plane S is the required tangent. 
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PROBLEMS 



1. Given a square prism with axis perpendicular to H. Side 
of base 2Y\ Cut a parallelogram from the prism having one side 
3^^ long and one angle 60°. 

2. Given a square prism with axis perpendicular to H. Side 
of base 2y\ Cut a parallelogram from the prism having one 
diagonal 6Y^ long and one angle 60°. 

3. Assume any four points which are not in the same plane, 
and draw through them four parallel lines in such a way that 
the plane sections of the prism, which has the four lines for 
edges, will be parallelograms. 

4. Cut a parallelogram having one side 2^^ long from the pyra- 
mid 0-ABCD. O (2i, I, 5i), A (-4i, 4|, 0), B (2, 5|, 0), 
C(2i3i, 0),D(-f, iO). 

5. Given a point on the edge of any tetrahedron which rests 
on H. Find the shortest path to be followed on the faces in or- 
der to go around the tetrahedron and return to the same point. 
The path is to cross the three faces but is not to cross the base. 

6. Two intersecting planes cut the ground line at the points 
T and S. Find the horizontal and vertical projections of the 
shortest path on the planes from T to S. 

7. Pass a plane so as to cut a regular hexagon from a 3^^ cube. 

8. Is the shortest path around a cone, following the surface, 
starting at a point and returning to the same point, a plane 
curve f 

9. Find the intersection of a hyperbolic paraboloid by a plane. 

10. Find the intersection of a conoid by an oblique plane. 

11. Find the intersection of a cylindroid by an oblique plane. 

12. Find the intersection of a helicoid by a plane. 

13. Find the intersection of an oblate ellipsoid of revolution 
by a plane. 

14. Find the intersection of the hyperboloid of revolution of 
one sheet by a plane. 
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16. From a right circular cone with base on H, cut an ellipse 
and show the true size of the section. 

16. Prom a right circular cone with base on H, cut a parabola 
and show the true size of the section. 

17. Prom a right circular cone with base on H, cut an hyper- 
bola and show the true size of the section. 

18. An oblique cone has a circle on H for a base. Cut a cir- 
cle of given radius from this cone by a plane which is not paral- 
lel to the base. 
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CHAPTER V 
INTERSECTIONS OF SURFACES 

129. To find the line of intersection of any two surfaces. 

In general, pass a system of auxiliary planes through the sur- 
faces. The planes will cut lines from each surface and the inter- 
sections of these lines will be points on the required line of 
intersection. The auxiliary planes should be passed in such a 
way as to cut the simplest lines possible from the given surfaces. 
Sometimes the intersection can be more easily found by using 
a system of auxiliary spheres in place of the system of planes. 
For example, if the axes of two surfaces of revolution intersect, 
a system of spheres having their centers at the intersection of 
the axes and radii of different lengths, will cut circles from each 
of the original surfaces. The intersections of these circles are 
points on the required line of intersection. 

1 30. To find the line of 
^*^- ^^ intersection of the sur- 

faces of two prisms 
when one of them is 
perpendicular to the 
horizontal plane. 

Let the prisms be given 
as in Pig. 73. 

Analysis. Pass a system 
of auxiliary planes parallel 
to the lateral edges of both 
prisms. These planes will 
cut straight lines from each 
prism which will intersect 
in points of the required 
line of intersection. 

Construction, Since the 
line of intersection will be a broken line, it is only necessary to 

[92] 




Intersection of prisms 
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find where the edges of each prism pierce the faces of the other 
prism. The auxiliary planes in this case are perpendicular to 
H. The construction is shown in Fig. 73. 

The visible part of the line of intersection must be on a 
visible face of each prism. 

131. To find the line of intersection of the surfaces of 
two oblique prisms. 

Let the prisms be given as in Fig. 74. 

Fig, 74 




Intersection of oblique prisms 

Analysis. Pass a system of auxiliary planes parallel to th« 
lateral edges of both prisms. These planes will cut straight lines 
from each prism which will intersect in points of the required 
line of intersection = 
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Construction, Through any point as X, draw lines parallel to 
the edges of each prism, tt, which is the horizontal trace of the 
plane containing these lines, gives the direction of the horizon- 
tal traces of the auxiliary planes. The line of intersection is a 
broken line which only changes direction at the points where 
the edges of one prism pierce the faces of the other. By using 
only the planes which contain edges of one or the other of the 
prisms and joining in order the points thus found, the broken 
line of intersection as shown in Fig. 74 is found. 

132. To find the line of intersection of two oblique cyl- 
inders. 

Analysis. Pass a system of auxiliary planes parallel to the 
elements of both cylinders. These planes will cut straight line 
elements from each cylinder which will intersect in points of the 
required curve of intersection. 

Construction.' The construction is the same as that for the 
intersection of two prisms, Art. 131. Enough points should be 
found on the curve of intersection so that the curve can be drawn 
in accurately with the curve- ruler. It is always desirable to 
locate the points where the curve of intersection touches the ex- 
treme elements of the cylinders in both horizontal and vertical 
projections. To do this, draw the traces of the auxiliary plane 
through the point where the element in question pierces the cor- 
responding plane of projection. The intersection of the elements 
thus cut out will give the required point. 

To draw a tangrent to the curve of intersection at any 
point. Select the point at which the tangent is to be drawn and 
pass a plane tangent to each cylinder at this point. The inter- 
section of these planes is the required tangent to the curve. 

To determine the visible part of the curve of intersec- 
tion. A point on the curve of intersection is visible in the hori- 
zontal view if it lies on an element of each cylinder which comes 
from the visible part of the base of the cylinder in that view. 
In a similar way, a point to be visible in the vertical view must 
lie on an element of each cylinder which comes from the visible 
part of the base of the cylinder in that view. 
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188. To find the line of intersection of the surfaces of a 
prism and a pyramid. 

Let the prism and pyramid be given as in Fig. 76. 

Analysis, Pass a system of auxiliary planes through the ver- 
tex of the pyramid and parallel with the lateral edges of the 
prism. These planes will cut straight lines from each surface 
which will intersect in points of the required line of intersection. 
A line through the vertex of the pyramid and parallel to the lat- 

Fig. 75 




Intersection of prism and pyramid 

eral edges of the prism will lie in all of these auxiliary planes 
and will therefore pierce H in a point common to all their hori- 
zontal traces. 

Construction, Through Vi , draw Vi S parallel with the lateral 
edges of the prism. It pierces H at s. Through s, draw sti, st2, 
sta, etc. , horizontal traces of the auxiliary planes. The intersec- 
tions of the lines which these planes cut from the pyramid and 
prism are points on the required line of intersection. By using 
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only the planes which contain edges of the pyramid or the prism 
and joining in order, with straight lines, the points thns fonnd, 
the line of intersection as shown in Pig. 75 is fomnd. 

134. To find the line of intersection of a cone and 
cylinder. 

Let the surfaces be given as in Fig. 76. 

Fig. 76 




Intersection of cone and cylinder 

Analysis. Pass a system of auxiliary planes through the ver- 
tex of the cone and parallel with the elements of the cylinder. 
These planes will cut from each surface straight line elements 
which will intersect in points of the required line of intersection. 
A line through the vertex of the cone and parallel with the ele- 
ments of the cylinder will lie in all of the auxiliary planes. 

Construction. The line VX, through the vertex of the cone 
and parallel with the elements of the cylinder, lies in all the aux- 
iliary planes and pierces H at x, a point common to all of the 
horizontal traces. Through x, draw the traces xa. xs, etc., 
cutting the bases of both surfaces. Prom the points where these 
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traces cross the bases draw elements of the surfaces. These 
elements will intersect in points of the required line of intersec- 
tion. In this manner the curve of intersection as shown in Fig. 
76 is found. 

The visible part of the curve is determined and the tangent is 
drawn in the same manner as in Art. 132. 

135. To determine in advance the nature of the curves 
in which cylinders and cones intersect. In the system of 
auxiliary planes used in Fig. 76, there are two which are tangent 
to the cone. The horizontal trace of one runs from x tangent 
to the base of the cone on the lower side and the horizontal trace 
of the other is tangent to the base of the cone on the upper side. 
Both of these tangent planes miss the cylinder, the cylinder 
being between them. It is evident then that the cone extends 
beyond the cylinder on both sides; the cylinder running into the 
cone on one side and out on the other side, forming two dis- 
tinct curves of intersection, as is shown in the figure. If one 
of these tangent planes had cut the base of the cylinder while 
the other did not, there would have been one continuous curve 
of intersection. If both of these planes had cut the base of the 
cylinder, there would again have been two distinct curves of in- 
tersection, where the cone runs into the cylinder on one side 
and where it runs out on the other. In the case where the planes 
are tangent to both cone and cylinder, the two curves of inter- 
section just touch each other. 

The same method may be used to determine the nature of the 
curve of intersection of two cylinders or of two cones. 

136. To find the line of intersection of the surfaces of 
two pyramids. 

Let the pyramids be given as in Fig. 77. 

Analysis. Pass a system of auxiliary planes through the ver- 
tices of both pyramids. These planes will cut straight lines 
from each pyramid which will intersect in points of the required 
line of intersection. A line joining the vertices of the pyramids 
will lie in all of the auxiliary planes and will pierce H in a point 
common to all their horizontal traces. 
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Construction. The line through the vertices Vi and V2 pierces 
H at s. Through s, draw the horizontal traces sti, st2, stg, etc. 
The intersections of the lines which these planes cut from the 
pyramids are points on the required line of intersection. By 
using only the planes which contain edges of the pyramids and 
joining in order the points thus found by straight lines, the line 
of intersection as shown in Fig. 77 is found. 

Fig. 77 
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Intersection of pyramids 

137. To find the line of intersection of two cones. 

Analysis. Use the same method as was used for finding the 
intersection of two pyramids. 

Let the construction be made for finding the curve of inter- 
section. Also determine which part of the curve is visible and 
draw a tangent to the curve by methods previously given. 
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138. To find the line of Intersection of a cone and a 
sphere when the vertex of the cone is at the center of the 
sphere. 

Let the surfaces be given as in Fig. 78. 

^\ IN 

Fig, 78 \ 




Intersection of oblique cone and sphere. Development of ohlique cone 
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Analysis. Intersect the surfaces by a system of auxiliary 
planes through the vertex of the cone and perpendicular to the 
horizontal plane. Each of the auxiliary planes will cut one or 
more elements from the cone (Art. 91) and a great circle from 
the sphere which will intersect these elements in points of the 
required curve of intersection. 

The vertical projections of the circles cut from the sphere are 
ellipses. In the place of drawing these ellipses, it is more con- 
venient to revolve the auxiliary planes about an axis perpendic- 
ular to H through the vertex of the cone until they become par- 
allel with V. In this position, the elements cut from the cone 
and the circle cut from the sphere are shown in their true size. 
After finding the intersection of the elements and circle the 
planes can be revolved back to the original position and the re- 
quired points located. 

Construction. tT is the horizontal trace of a plane through 
the vertex C perpendicular to H. This plane will cut the ele- 
ments CA and CB from the cone and a great circle from the 
sphere. When the plane T is revolved about a vertical axis 
through C until it is parallel to V, the elements CA and CB will 
take the positions CAi and CBg and the great circle the position 
DEP. In the revolved position, the elements intersect the great 
circle in the points G3 and Hs, two points of the required curve 
of intersection. In the counter revolution, these points move 
in horizontal circles to the positions G and H. In the same 
manner any plane through the vertex perpendicular to H will 
determine other points of the intersection. 

To draw a tangent to the curve at any point. The re- 
quired tangent will be the line of intersection of two planes, one 
tangent to the cone and the other tangent to the sphere at the 
given point. 

139. To develop an oblique eone. 

Let the cone be given as in the preceding problem. Fig. 78. 

Analysis. As every point of the curve of intersection of the 
cone and sphere in the preceding problem is the same distance 
from the vertex of the cone, this curve will develop into the arc 
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of a circle having a radius equal to the radius of the sphere. 
The distance between any two elements of the cone in the devel- 
opment, measured along this circle, is equal to the length of the 
curve of intersection between those elements on the surface of 
the cone. Any curve on the surface of the cone, as the base, 
may be found by laying off in development the true lengths of 
the rectilinear elements from the vertex of the cone to the points 
where they cut the curve. 

Construction. The true length of the curve of intersection is 
found by developing its horizontal projecting cylinder. The 
base of this cylinder, which is the horizontal projection of the 
curve, will develop into the straight line zz. The elements zhj, 
yki, wgi, etc., in development will be at right angles to this 
line, and will be shown in their true lengths and their true dis- 
tances from each other measured on the base, khjg, of the cylin- 
der. Their true lengths are shown in the vertical view. Hence 
hikihi is the true length of the curve of intersection. With o 
as a center and the radius of the sphere as a radius, describe the 
indefinite arc, h2k2h2. On this arc lay off h2k2, k2g2, g2J2, 
J2h2, equal respectively to hiki, k^gj, giji, jihi, and draw the 
elements in development from the vertex o through these points. 
On these elements layoff their true lengths c'b'3, c^a^i, etc., 
locating the points b2, a2, etc., on the developed base. It is 
necessary to take more elements than are shown in the cut in 
order to get an accurate development. 

This method of developing the oblique cone is not as desirable, 
practically, as that given in article 126. 

140. To find the line of intersection of a cylinder and a 
sphere. 

Analysis. Pass a system of auxiliary planes through the ele- 
ments of the cylinder and perpendicular to one of the planes of 
projection. These planes will cut elements from the cylinder 
and circles from the sphere which will intersect in points of the 
required curve of intersection. To find these points, revolve the 
auxiliary planes into the plane of projection to which they are 
perpendicular. In this position the elements of the cylinder and 
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the circles of the sphere are shown in true size and the points 
of intersection easily found. By revolving these planes back to 
their original positions, the projections of the required points 
are found. 

Let the construction be made in accordance with the above 
analysis. 
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1. Find the points in which a straight line pierces a given 
oblique pyramid, prism, cone or cylinder. Also find where it 
pierces a sphere or an ellipsoid. 

2. The base of a polyhedron is determined by the following 
four points: A ("2|, 2f, 0), B (~H, I, 0), C (-2i 3i, 0), 
D (I, 2|, 0) . The V projections of the edges of the polyhedron 
make 60° and the H projections — 30° with G. L. The upper 
base is parallel to H and f>' above it. Find the intersection of 
this polyhedron with the pyramid O— EF6. 0(— 3, I, 5i), 
E(-li, 41, 0), F (2i, H, 0), G (3i, 45, 0). 

3. Find the intersection of a cube with a square prism when 
the diagonal of the cube coincides with the axis of the prism. 
Edge of cube 2\" \ side of base of prism 2i'^; altitude h'\ Axis 
of prism perpendicular to H, the plane of one face making 15^ 
with V. The H projection of one top edge of the cube is per- 
pendicular to a face of the prism. 

Develop the surface of the cube showing the line of intersec- 
tion. 

4. Same as problem 3 except that the prism has an equilateral 
triangle with the side ^\" for a base. 

6. Same as problem 3 except that the diagonal of the cube is 
\'' from the axis of the prism. 

6. Find the line of intersection of a square prism and a right 
square pyramid. Prism 2^' x 2^' x ^\'\ with edges parallel to H 
and 30° with V. The plane of one face makes 30° with H and 
the lowest edge is X^ above H. Base of pyramid 2^ square 
resting on H. Altitude f>\ Side of base makes 60° with V. 
Axis of pyramid perpendicular to H. Axes of prism and pyra- 
mid y^ apart. 

Note : This problem can be multiplied by changing the dis- 
tance between the axes of the prism and pyramid. 

7. Same as problem 6 except that the base of the prism is an 
equilateral triangle with side 2^'. 
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8. Find the intersection of an oblique cone and a right circu- 
lar cylinder. The bases of both surfaces are circles on H. 

9 . Find the intersection of a right circular cone with a sphere . 
The base of the cone is on H and the center of the sphere not on 
the axis of the cone. 

10. Find the intersection of a right circular cj'^linder with a 
right circular cone. The axes of both surfaces are pependicular 
to H but do not coincide. 

11. Find the intersection of a sphere with a right circular cyl- 
inder. The axis of the cylinder is perpendicular to H but does 
not pass through the center of the sphere. 

12. Find the intersection of a regpilar square P3rramid with a 
sphere. The base of the pyramid is inscribed in a great circle 
of the sphere. 

13. Find the intersection of a right circular cone with a right 
circular cylinder. Base of cone on H and axis of cylinder par- 
allel to the ground line. 

Draw a tangent to the curve of intersection. 

14. Find the intersection of a triangular prism with a sphere. 

15. Find the intersection of a cone with a triangular prism. 
The base of the prism is inscribed in the base of the cone. 

16. Find the intersection of an oblique cylinder with an oblique 
cone. The base of the cylinder is on H and the base of the cone 
is on V. 

17. Find the intersection of two oblique cylinders; the base 
of one is on H and the base of the other is on V. 

18. Find the intersection of two oblique cones. The bases 
are circles on H, one within the other but not concentric. The 
vertices do not coincide. 

19. The axis of a right circular cylinder is parallel to the 
ground line. Find the intersection of this cylinder with a right 
rectangular prism having its axis perpendicular to V. 
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